*

Designing Social Learning

Aleksei Smirnovi Egor Starkov?

March 24, 2025

Abstract

This paper studies strategic communication in the context of social learning. Product reviews
are used by consumers to learn product quality, but in order to write a review, a consumer must
be convinced to purchase the item first. When reviewers care about the welfare of future
consumers, this leads to a conflict: a reviewer today wants the future consumers to purchase
the item even when this comes at a loss to them, so that more information is revealed for
the consumers that come after. We show that due to this conflict, communication via reviews
is inevitably noisy, regardless of whether reviewers can commit to a communication strategy
or have to resort to cheap talk. The optimal communication mechanism involves truthful
communication of extreme experiences and pools the moderate experiences together.
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1 Introduction

Whenever information is dispersed in society, the question of social learning arises: can society
aggregate this information in a way that yields an efficient outcome for its members? In recent years,
online customer reviews have emerged as a powerful tool of social learning: in multiple surveys of
internet users, at least half of the respondents report using ratings and online reviews “always” or
“often” to inform their purchasing decisions, and most respondents find reviews to be at least “mostly
reliable” (Competition & Markets Authority| [2015], [Mintel| [2015], eMarketer [2018]). Curiously, in
one of these surveys, only about 10% of the respondents indicated that they find product reviews
“very reliable” (eMarketer|[2018|). This skepticism can arise due to a variety of reasons, including the
many ways in which sellers can meddle with reviews, such as through censorship and fake reviewsﬂ
However, in this paper we show that reviews can — and should — be noisy even in the absence of
any intervention from sellers, with the noise stemming from how customers write reviews.

To understand the source of this noise, one must first ask why customers write reviews. According
to surveys, one of the most common responses to this question is “to help other consumers”
(Trustpilot| [2020]).The desire to help other consumers make the right choice is often a sufficient
incentive for people to spend time and effort writing a review. However, these altruistic concerns
only seem to appear ex post, after the consumer has purchased and consumed the product, rather
than ex ante. It is reasonable to expect that when deciding whether to buy a product and which
one to buy, consumers focus primarily on their own expected utility from consumption, rather than
the desire to provide helpful information to others.

As we show, this time inconsistency in altruism leads to noise in product reviews. When product
quality is uncertain, purchases have an informational externality, since they generate informative
reviews that enable future consumers to make better decisions. This externality is not accounted for
by consumers when they are deciding whether to purchase the product. It is, however, internalized
by an altruistic reviewer, who may then want to mislead a future consumer into buying a product
when it is socially, but not individually, optimal to do soE|

We formalize the preceding argument in a model of product reviews. In this model, a sequence
of consumers decide whether to buy a product of some uncertain quality and, if they do, what kind
of review to write about their experience. A consumer only buys the product if she expects to
derive high enough utility from consuming it. The realized consumption utility is informative about
the product quality and the expected utilities that other consumers would derive from consuming
this productﬂ The consumer can leave a review describing her consumption experience, and in
doing so she wishes to maximize the welfare of future consumers considering the same purchase.
Note, in particular, that we put the choice of how to communicate the consumption experiences
directly in the consumers’ hands. This approach differs from existing literature on experimentation
in social learning, in which a centralized recommender platform makes these decisions (Kremer,
Mansour, and Perry| [2014], |Che and Horner| |[2018]). It also differs from the extensive literature

!See, e.g., [Luca and Zervas| [2016] for an exploration of the effects of fake reviews and [Smirnov and Starkov] [2022]
for a model of censorship in product reviews.

2The point that product evaluations produce a positive externality and are hence socially underprovided was made,
among others, by |Avery, Resnick, and Zeckhauser| [1999], who proposed cash payments to alleviate this inefficiency.

3Unlike many other papers on experimentation, we do not restrict attention to a model of exponential/Poisson
bandits with binary utility outcomes, allowing instead for rich heterogeneity in utility realizations.



on observational learning, which takes the observation/communication technology for granted
(Bikhchandani, Hirshleifer, Tamuz, and Welch| [2024]). This difference and other distinctions are
discussed in more detail in Section 2l

The myopic behavior at the purchasing stage and the altruistic desire to induce some
experimentation with the product at the reviewing stage conflict with each other. We show that
this conflict creates noise in communication through reviews. Instead of reporting their experiences
truthfully, consumers obfuscate their reviews to foster experimentation. This is true regardless of
whether consumers can commit to some communication strategy ex ante (which can be interpreted
as a shared social norm in reviewing) or select their review ex post, as in cheap talk models.

In particular, we show that in the commitment scenario, the optimal communication strategy
features perfect communication of extreme experiences (very high or very low utilities), but remains
vague about the experiences that would have put the next consumer close to indifference. The
intuition is that the consumer would sometimes like to exaggerate the product quality to induce
a socially optimal purchase that the next consumer would not make if she were fully informed.
However, for such a recommendation to be credible, it must also sometimes be issued when the
product experience was, in fact, good — meaning that such a review has to be vague, only imperfectly
revealing the consumer’s experience with the product.

If a consumer cannot commit to a communication strategy, then despite the conflict of interest
between her and a future consumer occurring only in a narrow set of circumstances — when buying
the product is socially optimal, but not individually optimal for the future consumer, — the effects
of this conflict propagate and distort communication in other cases as well. Communication is then
always noisy in equilibrium, taking the interval structure often seen in cheap talk models when
similar experiences are pooled in the same message.

Our paper provides a possible explanation for inflation in product reviews—namely, that reviews
can sometimes be inflated in equilibrium, in order to deceive consumers into purchasing the product
they would not have bought otherwise. This complements other possible explanations, including
positive ratings being sponsored or faked by the sellers. Contrary to those explanations, in our
case inflation arises endogenously as a result of interaction between consumers, with no intervention
from the firm. Further, noise in communication is welfare-enhancing in our model, helping not only
the seller, but also the consumers as an aggregate.

Our findings can be translated to settings beyond product reviews. In particular, they could
be readily applied to scientific progress in the broad sense, contributing to the debate on whether
negative results should be publishedﬁ Our paper presents an argument against publishing some
negative results. Specifically, consider a world in which a series of researchers decide whether to
attempt to contribute to a broad research question (e.g., “what is dark matter?”, “how to detect
a graviton?”, or “are microplastics associated with negative health outcomes?”). Every researcher
only attempts a project on the topic if they expect some positive findings to emerge (since there is
no sense in looking for something that does not exist). In such a world, our findings suggest that
mild negative results should be suppressed if they discourage research on a topic that is socially
beneficial. The idea is that such weak results may render the topic unappealing enough for individual

researchers to be unwilling to investigate it further, yet they are too weak to outweigh the potential

“See [Blanco-Perez and Brodeur| [2020] and [Bartos et al.| [2024] for evidence of publication bias in Economics, and
Nimpf and Keays| [2020] and Bik| [2024] for examples of the discussion on the topic.



social benefit if this research avenue were to be correct after all. Our model demonstrates that the
benefits due to continuing exploration from suppressing such negative findings outweigh the losses
from suppressing informationﬁ

On the other hand, our results can be applied to designing informational nudges for present-
biased individuals, as explored by |Mariotti, Schweizer, Szech, and von Wangenheim| [2023|. For
example, consider a present-biased individual who is trying to develop a new positive habit (running
in the mornings or cutting sugars/alcohol /tobacco from their ration), but is uncertain whether they
can make this habit stick. We find that such an individual would benefit from keeping a journal
of their experiences with the habit, where they would describe all extreme experiences accurately,
positive and negative, but withhold mildly negative experiences. Recording the latter would face a
risk of disincentivizing the present-biased self in the future from adhering to the habit, but do not
constitute a sufficient reason for the forward-looking self to abandon the habit (unlike more extreme
negative experiences).

The remainder of the paper proceeds as follows. We review the relevant literature in Section
We then formulate the model in Section 3] Sections[d and [5 analyze a version of the model in which
consumers are assumed to be able to commit to some communication structure, with Section
exploring an illustrative three-period example, and Section [f] generalizing the insights to an infinite-
horizon problem. Section [6] then analyzes a model without commitment, where communication is
cheap talk, looking at both the three-period example, and an infinite-horizon model. Section [7]

concludes. Proofs of all results are relegated to the Appendix.

2 Literature Review

Our paper belongs to the literature on social experimentation and the design of social learning;
notable references include Kremer, Mansour, and Perry| [2014], Mansour, Slivkins, and Syrgkanis
[2015], |Che and Horner [2018], and Cohen and Mansour| [2019]. This literature investigates the
planner’s problem of devising a communication protocol that would incentivize short-lived and/or
selfish agents to experiment with a novel alternative more than they would on their own, for the sake
of social beneﬁtﬁ We explore what effectively is a decentralized version of the models mentioned
above: instead of a single benevolent planner issuing recommendations, we allow each agent to
communicate in the way they deem optimal. While the agents are altruistic and so have the same
objective as the planner, they lack the memory of a central planner. In our model, once one agent
withholds some of the information about their experience, this information is lost forever — unlike
with the planner, who can remember privately all information that is not revealed publicly. This
assumption is novel relative to the aforementioned papers and introduces a fundamentally new trade-
off, since any attempt by the sender to mislead one receiver now carries not only the benefit of more

social experimentation, but also the cost of subsequent receivers having worse information at their

JCarnehl and Schneider| [2024] also discuss dynamic externalities in research production, but explore a different
question of the optimal novelty of a research project.

S A separate literature explores optimal experimentation by groups of long-lived agents, which explores the issues of
free-riding that are fundamentally similar to the core friction in our model: see Bolton and Harris| [1999] and [Keller,
Rady, and Cripps| [2005] for settings with full observability; Heidhues, Rady, and Strack| [2015] explore strategic
communication under private payoffs. These papers focus on the repeated game effects — i.e., devising the optimal
reward and punishment strategies — which are absent from games with short-lived agents, such as ours.



disposal. So while the planner could simply make binary recommendations to consumers (whether
to continue or stop experimenting/purchasing), in our decentralized setting, a richer communication
strategy is optimalm

Closely related is the literature on herding and cascades in observational learning. In these
models, agents receive private signals before making a choice, and only observe past agents’ choices,
which leads to inefficiencies (see |Bikhchandani, Hirshleifer, Tamuz, and Welch| [2024] for a more
detailed overview of the topic). [Wolitzky| [2018] considers a setting in which agents observe only past
agents’ outcomes, rather than actions, while|Cao, Han, and Hirshleifer| [2011] and Le, Subramanian,
and Berry| [2016] allow for various combinations of the two. These papers conclude that imperfect
communication may increase the probability of cascades, and argue that perfect communication
could alleviate the inefficiency. We show that despite this, perfect communication is not welfare-
maximizing. |Guarino, Harmgart, and Huck [2011] show that if only one action (like buying a
product) is observable to other consumers, then a cascade may only arise on this action. In our
setting, the converse is true: cascades may only arise on “not buying the product”, the action that
does not produce information. |Ali and Kartik [2012]| and |Smith, Sgrensen, and Tian| [2021] consider
sequential observational learning with other-regarding preferences, but assume that agents only
observe past agents’ actions, and not their private information or their outcomes.

Social learning with strategic information provision was explored by Swank and Visser [2015];
in their model the conflict arises from senders’ career concerns, which are absent in our case. [Liang
and Mu |2020] consider a sequential information acquisition model, where the information that an
agent acquires is also observed by future agents. They show that information acquisition driven
by myopic incentives can lead to long-run inefficiencies. We show that tension between a forward-
looking sender and a myopic receiver leads to noise in information provision.

One version of the model we consider, where the sender cannot commit to a communication
strategy, belongs to the literature on dynamic cheap talk. |Ambrus, Azevedo, and Kamada
[2013] explore hierarchical cheap talk, in which all communication must go through the chain of
biased intermediaries. In our setting, all agents are perfectly benevolent. [Renault, Solan, and
Vieille| [2013] consider a game in which a single sender repeatedly reports the state that follows
a Markov process. The repeated nature of interaction shifts focus towards the repeated game
effects, which are absent in our model. Highly related is the work of |Chiba| [2018|, who looks at
a committee of agents with fully aligned interests and shows that perfect communication between
the committee members may be infeasible. Friction in that model comes from: (1) the agents’
uncertainty about others’ informedness and (2) the limited capacity of the communication channel.
Communication constraints, however, play a crucial role in the result — perfect communication
would be an equilibrium if agents were able to report not only their recommendation but also reveal
the information this recommendation is based on. Our model, in contrast, shows that technological
constraints are not necessary for communication to be imperfect in settings with highly aligned
interests. On the other hand, contemporary work by Bénabou and Vellodi [2024] considers a version
of our three-period model without commitment, but with hard information a 14 Dye [1985]. They
show that such a communication technology produces outcomes very similar to the commitment

technology we explore. We show, however, that this structure continues to hold in an infinite-

"This trade-off is quite similar to that arising in problems of public communication to a heterogeneous audience;
for some examples see |Alonso and Camara| [2016], Inostroza and Pavan| [2023].



horizon setting — where more informative communication could, in principle, be optimal — and we
obtain our results without imposing any logconcavity assumptions on signal distributions.

Our question is motivated by consumers’ altruistic motives for writing reviews. This is mainly
motivated by real-world consumers’ own accounts on why they write reviews (Trustpilot| [2020]).
However, the economic literature has also argued for a long time that people’s real-world behavior
often exhibits regard for others (see surveys by Fehr and Schmidt|[2003], Konow| [2003], and [Meier
[2006]). While there exists evidence that market environments decrease the morality of participants’
behavior (Falk and Szech| [2013]), it is still natural to expect at least some altruism towards fellow
consumers in such settings. In particular, March and Ziegelmeyer| [2020] and |Peng, Rao, Sun,
and Xiao| [2017] find experimental evidence of altruistic motives in games of observational learning

specifically.

3 The Model

3.1 Primitives

Time is assumed to proceed in discrete periods: t € 7. We consider versions with three periods,

T = {1,2,3}, and infinite horizon, 7 = N. All agents share a common discount factor 3.

Seller. There is a single long-lived seller, who offers for sale a single product that he has in
infinite supply at zero cost. Product quality 6, which represents the average consumption utility of
the product, can be either low or high: 0 € {L,H}, with 0 < L < H. The price of the product is
fixed at ¢ > 0; to avoid triviality we assume that L < ¢ < H.

Consumers. FEach period ¢, a single short-lived consumer C} arrives at the market. Upon entering
the market, the consumer can either purchase the good at cost ¢ and subsequently leave a review
as described further, or leave the market forever. The latter option yields the reservation utility
normalized to 0. In case of purchase, the consumer receives a random consumption utility v,
distributed according to a quality-contingent c.d.f. Fy with mean 6 and a respective p.d.f. fy. We
assume that both distributions have full support on the same open interval V = (v,7) C R, and
their respective densities are continuously differentiable and boundedﬂ In addition, we assume that
the monotone likelihood ratio property (MLRP) holds:

Assumption (MLRP). Ratio L(v) :=1In [J;JZ((;’))} is a strictly increasing and continuous function of

v on V. Moreover, lim L(v) = —oo, and lim L(v) = —I—Ooﬂ
V=V V=T

All consumers are assumed to be Bayesian risk-neutral agents with lexicographic preferences,
with the first-order preference being the consumer’s own consumption utility, and the second-order
preference being over the future consumers’ expected consumption utility, discounted with factor /3.

The consumer does not observe the product quality 6, so her purchasing decision is based on her

belief p := P(§ = H) about the product quality, given the information available to her. In particular,

8The support may be infinite: v = —oo and T = +oco are both admissible values. The common support assumption
implies that no realized utility allows to rule out one of the possible quality levels 6.
°In the terminology of |Smith and Sgrensen| [2000], the assumption implies beliefs are unbounded.



the consumer purchases the product if and only if her expected consumption utility weakly exceeds

the cost of purchase (we assume that the consumer purchases the product when indifferent):

O(p):=p-H+(1—p)-L>c < p=>p,

c—L
H-L"

where p := This purchasing strategy will be taken as given in what follows.

Reviews. If the good was purchased, the consumer then sends a message (writes a review) m € M
to subsequent consumers, describing her experience with the product. A consumer’s communication
strategy maps her observed review history (described further) and her experience v; to A(M).
The optimal communication strategy maximizes the expected discounted sum of consumption
utilities of all future consumers. We consider two main versions of the model throughout the
paper: in the commitment scenario, we assume that consumers choose their communication strategy
simultaneously with their purchasing strategym In the cheap talk version of the game, the consumer

selects message m € M after observing vy and not before.

Timing. Within a given period ¢ € T, the order of events is as follows:

1. Consumer C} arrives at the market and observes all past reviews (my, ma,...,m;—1) and forms

belief p; about the quality of the product.

2. C; decides whether to purchase the product at cost ¢ or not and, in the commitment model

only, publicly selects her communication strategyﬂ

3. After a purchase she receives random consumption utility v; ~ Fy and updates her belief

about the product quality.

4. After a purchase, C; leaves review m; about her experience, according to her communication
strategy in the commitment model, or freely in the cheap talk model. The review is observable
to all subsequent consumers (Ciy1, Ciyo,...). If C; has not purchased the product, she leaves

no review: m; = <.

3.2 Histories, State Variables, Strategies

Review history Ry := (mq1,ma,...,my_1) is a tuple consisting of all messages sent by consumers

before period t. It constitutes the public history at the beginning of period t.lE We denote the

10T his commitment assumption can either be taken at face value — that a consumer can choose a reviewing strategy
in advance and follow it through — or it can be seen through the lens of the planner’s problem of devising an optimal
social norm that the consumers would use when writing reviews.

11We assume for simplicity that in the commitment model, every consumer’s communication strategy is observable
to all future consumers. Without this assumption, multiple equilibria could arise in which a specific communication
strategy could be supported by some specific on- and off-the-equilibrium-path beliefs. It is straightforward that the
equilibrium we find Pareto-dominates all such self-reinforcing equilibria.

2Formally, the observability of communication strategies in the commitment model implies that they must be
included in public history, in addition to the realized messages. To economize on notation, we follow the convention
in the field and suppress the dependence of histories and other objects on communication strategies. It should be
understood that a given message m; is interpreted in the context of the observed communication strategy in the
commitment model (and in the context of the equilibrium communication strategy in the cheap talk model, as is
standard).



public belief about the quality of the product as
Dt ‘= IP’(@ =H | Rt)

The prior belief p; = P(0 = H | @) is exogenously fixed and commonly agreed upon. The private

posterior belief of consumer C} in case she purchased and consumed the product is given by

ptfH(vt) (1)

be = b(pe,ve) :=P(0 = H | pt,vr) = pefr(ve) + (1= pe) fr(ve)’

where follows from the Bayes’ rule.

The public belief p; contains all payoff-relevant information available to Cy at the time she decides
whether to purchase the product. The pair of beliefs p; and b; summarizes all payoff-relevant
information available to C} when she decides which message to send to subsequent consumers.
Therefore, in what follows, we look at Markov equilibria (defined in Section , where p; is the
time-t public state and a sufficient statistic of the review history Ry, and the tuple (py, by) is Cy’s
private state and a sufficient statistic of her private history (Ry,v;).

The consumers’ purchasing decisions are myopic, and so the uniquely optimal strategy (up
to indifference) is “buy if and only if p; > p”. Therefore, from this point onward, we focus on the
consumers’ communication strategies. A behavioral strategy of consumer C} is g, where py(m|py, by)
denotes the probability with which C; sends message m € M conditional on private state (p¢, by).
In the commitment model, consumer Cy chooses u:(pt, ) given public state p;, while in the cheap
talk model, C; chooses p;(pt, b)) given private state (py, by).

Let My(pr) == {me M |3b;: pu(m | p,b) >0} denote the set of messages that are sent
according to u; at p;. Whenever p; > p, the public belief p;y1 induced by an on-path message
m € My(p:) is given by the Bayes’ rule:

1
pe- [ pe(m | pe, be)dFp (v)

pe+1 = q(mlpy) := 1 - 1 (2)
pe Ofﬂt(m | pt, be)d ' (ve) + (1 —py) - {ut(m | pt, be)dF'L(ve)

If, on the other hand, p; < p, then C}; does not buy the product, and message m = & is sent for
sure, so prr1 = p¢. In this case, Cpyq has exactly the same information at the time she makes her
purchasing decision as Cy and does not purchase the product either. We shall refer to p;y1 = q:(m/|p¢)
as the posterior or the induced public belief.

Given some strategy profile, let Pi(p;) := {q@:(m|p:) | m € My(p:)} denote the set of all
public posteriors induced by consumer C;. We partition this set into the “experimentation set”
Ei(pt) == {q € Pi(pt) | ¢ = p}, which includes all public posteriors ¢ that convince Cy11 to buy the
product, and the “stopping set” Si(p¢) := {q € Pi(pt) | ¢ < p}, which contains all ¢ that deter her
from the purchase. Note that if p; > p then &(p;) # 0, as p; is a martingale (from the consumers’
point of view). Conversely, as argued above, if p; < p then Pi(p:) = Si(pt) = {p+}. The latter
implies that all ¢ € Sy(p;) are equivalent in the sense of shutting the market down from period ¢+ 1

onward.



3.3 Maximization Problem and Equilibrium Definitions

Given a strategy profile for all future consumers, when consumer Cy sends message m at private
state (p¢, by), her continuation value (the discounted sum of future consumers’ utilities) from doing

so is equal to

+oo

Vi(m | pebe) =B | > B T (ps = p) - (vs —¢)
s=t+1

m, D¢, bt] . (3)

Implicit in is the fact that m together with p; determines p;11 in equilibrium. It also embeds
the dependence between future vs and future pg, stemming from the future consumers’ strategies.
In the commitment model, we are looking for the Markov Perfect Equilibria (MPE) of the game,

defined as follows.

Definition. A Markov Perfect Equilibrium with Commitment consists of a collection of consumer
communication strategies {f1t(m|pe, b) },~, and belief updating rules b(pt,ve) and {qi(pt, m)},~, such
that the following conditions hold:

e Belief Consistency: condition holds for all (p¢,bt), and holds for all p; and all
m e Mt(pt);

o Optimality: for any given p;, and continuation strategies {p;(m|pr,br), q:(pr,m)} <,

communication strategy pi(m | pg, by) mazimizes Ey [Vi(m | pg, b) | pe].

The definition above presents a Markov equilibrium: C}’s communication strategy does not
depend on the review history Ry, except through belief p;. The belief consistency condition ensures
that all consumers use Bayes’ rule to update their belief whenever possible. Optimality requires that
every consumer chooses a communication strategy so as to maximize her ex ante value, as given by
the expectation of over v; or, equivalently, b;. In particular, maximizing the ex ante value means
that C; commits to a communication strategy before observing the realized consumption utility v
(but she can condition on public state p;).

In turn, for the cheap talk game, the equilibrium definition sounds as follows.

Definition. A Markov Perfect Equilibrium with Cheap Talk consists of a collection of consumer
communication strategies {f1:(m|pg, b) },5, and belief updating rules b(py,ve) and {qi(pi, m)},~, such
that the following conditions hold:

e Belief Consistency: condition holds for all (p¢,bt), and holds for all p; and
m € My(pt);

o Ex Post Optimality: for any given p;, and continuation strategies {1s(m|pr,br), q:(pr,m)} <y,

if pe(m* | pe,by) > 0 then m* € arg max,, Vi(m | pg, by).

In particular, the (ex ante) Optimality condition is replaced with Ex Post Optimality: the
message sent by Cy must now maximize her continuation value given her private state. To pin down

the off-path beliefs, we assume that g.(m|p;) = ¢ for all p; and all m ¢ M,y(p;) for some € < ;5.E|

3This belief is admissible in equilibrium, since v; has full support, and thus at every p;, there exists v deemed
possible on equilibrium path such that b(p:,v) = e.



Without loss of generality, in both cases, we assume that M = [0, 1] and restrict attention to
equilibria with direct communication, where Cy’s review simply prescribes the belief that Cy; 1 must
have after reading this and all other reviews: i.e., my = q(p;, m¢). This assumption is made for
illustrative simplicity, allowing us to ignore the distinction between message m; and belief p;y1 that
it induces. Further, we assume that the set of stopping messages S;(p;) always consists of a single

representative element whenever it is nonempty; as argued above, this is also without loss.

4 Three-Period Model with Commitment

This section demonstrates the main insights in a simple three-period commitment model:
T = {1,2,3}. We look at a non-stationary MPE with commitment, where the three consumers’
strategies can be different. Suppose further there is no discounting, 5 = 1, so C; treats welfare
of both Cs and C5 equally. We solve the example by backward induction. Fix some prior belief
p1 > p. For the sake of this example, assume that consumption utilities are v; ~ i.i.d. N (6’, 02).

In period ¢ = 3, C5 purchases the product if and only if 6(ps) = H - ps + L - (1 — p3) > p, and
her messaging strategy is irrelevant, since no consumers arrive at the market after her. We hence

continue straight to ¢t = 2.

4.1 Second Period

In the second period, if pa < p then, as mentioned in the model setup, the game effectively ends.
(5 does not buy the product, writes no review, so ps = ps < p, and C3 does not buy the product
either. Payoffs of Cy and (5 are zero in this case. Conversely, if ps > p then C5’s continuation value
equals C3’s expected consumption utility: Va(m|pa,b2) = 0(q(m|p2)) — c¢. Therefore, at the review
stage Cy would prefer to act in the best interest of C's. Truthful communication, where Cy reports
meo = po, is thus optimal.

However, perfect communication is not necessary to achieve the maximal payoff for C'5. Note
that the only piece of information relevant to Cs is whether to buy the product or not. She
cannot make use of more precise information to make better recommendations to future consumers
because there are no future consumers. Therefore, Cs can achieve her optimum via a simple binary

communication strategy that sends two distinct messages depending on whether b > p or by < p.

4.2 First Period

As shown above, perfect communication is optimal for C;. We now show that the same is not
true for C;. We begin this section by analyzing C;’s continuation value Vi(m1 | p1,b1) as a function
of the message she sends or, equivalently, of the public belief po = m; = g1 (m1|p1) she induces.

Recall that we assumed in the example setup that p; > p, otherwise C; does not buy the
product and all values are zero. Then C buys the good and receives utility v;. If she sends m; < p,
then neither Co, nor C3 will buy the product, and C}’s continuation value is zero. If she sends
m1 = P, then Cy purchases the product, obtains utility ve, and reveals her posterior by truthfully.
Following that, C3 purchases the product if and only if p3 > p < by = b(p2,v2) = p < ve = v2(p2),

where v2(p2) is defined as the solution to b (p2, v2(p2)) = p. Therefore, C;’s continuation value from

10



V(p2 | p1,b1) N — by =1/2
T — b1 =1/3
’ — b =1/5

Figure 1: V(pg | p1,b1) as a function of ps.

Note: the parameter values are H=3,L =0,c=1 (sop=1/3), 0 = 4. Since V(pg | p1,b1) only coincides
with Vi(pa | p1,b1) when py > p, we use dashed lines for values at ps < P.

inducing public belief po is given by

Vips | p1,b1)  if my > p,
Vi(p2 | p1,b1) = .

if mp < p,

where V(pg | p1,b1) is C1’s continuation value if Cy buys the product:

Vi(p2 | p1,b1) :=E[(va — ¢) 4+ (v3 — ¢) - I{va = Ua(p2)} | b1]
=0(b1) —c+b1- (1= Fp(v2(p2))) (H —¢) + (1 = b1) - (1 — Fr(va2(p2))) (L —¢). (4)

Analyzing (4), we can identify several important properties of V(pg | p1,b1), which are plotted
in Figure|l} We start by noting that V(pQ | p1,b1) is single-peaked in po, with a peak at ps = b;.
This means that conditional on Cy buying the product, C; wants to communicate truthfully and

induce the correct belief, po = by. To see this, observe that

OV (p2 | p1,b1)

s = (1 —b1) - fr(v2(p2)) -

p-o’ < b 1-p fu(va(p2)) 1)
(1=p)-p2(1=p2) \1 =01 p  fr(v2(p2)) ’

where single-peakedness follows from % being strictly decreasing in py (due to MLRP), and

the term multiplying the bracket being positive. The peak must satisfy

OV (p2 | p1,b1) _ 0 — p b fu(v2(p2))

Op2 1—p 1-b fr(oap)

which, by and the definition of vy(p2), is equivalent to py = b;. We conclude that after C)
convinces C5 to buy, she has no incentives to distort her review (and the same is true if C; convinces
Cs to pass). Therefore, the only incentives for C; to misreport her experience can come from the
need to convince Cs to buy the product.

To see that such a motive is indeed present, observe that V(pg | p1,b1) is positive for by =p—¢

11



for at least some € > 0. This means that C; sometimes wants C5 to purchase the product that
yields negative expected consumption utility. This is due to the social value of experimentation
(i.e., of information generated by Cs’s purchase), which is internalized by C; in her communication
strategy, but not by Cs in her purchasing strategy. To see this, note first that f/'(pg | p1,p) > 0 for
all py, since Fy(Ta(p2)) < Fr(0a(p2)). Function V(py | p1,b1) is continuous in by, hence it is also
strictly positive in some neighborhood of by = p. This implies that C; strictly prefers to induce
p2 = p for at least some posteriors by < p, as compared to inducing ps < p: she wants Cs to
purchase the product despite herself believing that this is not myopically optimal.

However, a recommendation to buy the product must be credible: if it is sometimes made after
b1 < p, it must also be sometimes made after by > p for the posterior ps to be po > p. Suppose
then that instead of being perfectly informative, C| sends the same message p after all b; in some
e-neighborhood of p. Reporting b; > p inaccurately yields a welfare loss, but it is only of the order
€2, since V(p | p1,b1) is tangent to V(by | p1,b1) at by = p. Intuitively, this little lies does not
affect Cy’s expected payoff, but may lead C5 to discourage C3 from buying a product that actually
has positive expected payoff. Both the expected payoff that C3 would be missing out on and the
probability of such a mistake are roughly proportional to ¢, hence the total loss is of order £2. On
the other hand, misreporting by = p — ¢ as p yields a benefit approximately equal to ¢ - V(ﬁ | p1,D),
due to inducing a purchase from Cs in cases where Cy would have passed if she knew b;. As was
previously established, V(ﬁ | p1,P) > 0, hence the benefit is of order ¢, and it outweighs the cost
for at least some small . Therefore, garbling information when b; is close to p is indeed beneficial
for Cy. Further, belief po induced by the pooling message must be exactly p. If it was lower, Cy
would not buy the product, which is C’s goal. If it was higher, then C; could reduce the pooling
interval by communicating the highest of pooled b; truthfully instead — which C prefers, by the
single-peakedness argument aboveE A similar argument suggests that the optimal pooling interval
must be convex.

In the end, the following communication strategy for C; is optimal, according to the intuitive
argument above: send message p when b; is in some neighborhood of p, and report by truthfully
otherwise. Figure [2] plots the value attained by C; under this communication strategy. In the
following section, we demonstrate formally in the context of an infinite-horizon model that such a

communication strategy is indeed optimalﬁ

5 Infinite-Horizon Model with Commitment

This section describes the equilibrium of the infinite-horizon commitment game with discounting:
T = N; g < 1. Specifically, we are looking for stationary MPE with Commitment (hereinafter simply
“equilibria”) of the game, where the consumers’ communication strategies u(m|p, b¢) and updating
rules q(p¢, m) do not depend on ¢. It is not ex ante clear whether the equilibrium with an infinite
horizon would necessarily look the same as in the three-period example, since in the latter C7 only

needed to deceive one following consumer, Cs, all to benefit C'5. With the infinite horizon, C; may

14¥While such a deviation would also decrease C1’s value from the pooling message, the convexity of V(b1 | p1,b1)
in b; together with Jensen’s inequality suggests that the deviation is indeed beneficial in expectation.

15The argument for the three-period model can be obtained by following the same steps as in the proof of Theorem
below. A contemporary paper by Bénabou and Vellodi| [2024] formally derives an optimal strategy in a similar three-
period model and shows that it is indeed of the form that we present here.
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= V(br [ pr,b) = V(b1 | pr,b)
— Vi(by | p1,b1) — VO™ (m* | py,by)
0 D 1 6 O D 1 b
(a) Truthful communication. (b) Optimal communication with commitment.

Figure 2: C’s continuation value given different communication strategies.

Note: dashed line in both figures represents C1’s continuation value from truthtelling conditional on Ca buying the
product. Solid purple line in panel (a) plots C1’s value from truthful communication; solid red line in panel (b) plots
C1’s value from optimal communication with commitment (and m™* denotes the message sent by the optimal
communication strategy).

similarly want to induce more experimentation by deceiving C;;1 while supplying her with enough
information to give good recommendations to Cyy9 and onward. However, two new considerations
arise. First, both the benefit and the cost of the noise in C}’s review now affect an infinite number of
future consumers, who benefit from ¢+ 2 onward from more experimentation at t+ 1, but suffer from
t + 1 onward from acting on worse information than they could have had. Second, C} now has to
take into account that Cy1 may want to deceive Cyyo to benefit those from ¢+ 3 onward, and Cyyo
may want to deceive Cyt3, and so on. Would these considerations potentially lead Cy to alter her
communication strategy? We show below that this is not the case, and the optimal communication
strategy is similar to the one arising in the three-period example: pooling experiences close to p
and perfectly informative otherwise. In particular, neither perfect communication is optimal, nor is
it optimal for a consumer to introduce other kinds of noise to help the next consumer(s) trick those
that follow.

The statement of the main result below and the argument behind it mirror the conclusions from
the three-period model (Section [4.2)): C,’s desire to inflate the review of a marginally-bad item for
sake of social experimentation results in garbled communication being optimal. The reviewer ends
up issuing the same review for a product that she believes is barely good enough and for a product
that is subpar but not bad enough for her to outright reject. After reading such a review, Cpy1 is
exactly indifferent between buying the product and not. Conversely, if C; is sufficiently confident in

her judgment of the product quality, then it is optimal for her to report her experience truthfully.

Theorem 1. There exists a unique equilibrium such that for any p: = p, Ci’s communication
strategy is characterized by cutoffs 0 < l(py) < p < r(py) < 1 such that:

1. For all by € [0,l(pt)), Cy truthfully reveals her private belief by: my = by, i.e., the

expertmentation stops.
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2. For any by € (r(pe), 1], Cy truthfully reveals her private belief by: my = by.

3. For all by € [l(pt), r(pt)], Ct sends message my = p.
Any other equilibrium is payoff-equivalent to this equilibrium.

The conclusion that some noise is optimal is driven by the lexicographic nature of the consumers’
preferences. When writing a review, C; maximizes welfare, so she would like Cyy1 to sometimes
buy the product when it is myopically suboptimal for her in order to generate more information
about product quality. Reviewer C} thus faces an incentive to sometimes send message m > p
when by < p. The benefit of such an upwards distortion for an interval of beliefs by € (p — &, p)
is approximately equal to € - V(p | pt,p) ~ O(g). For such a message to induce a posterior belief
q(m|p) > p, this distortion must be balanced by a proportionate downwards distortion: the same
message m must be sent after some b; > p. Such a downwards distortion is costly, since it not
only conceals some information about the state from all future consumers, but it also decreases
the amount of experimentation from ¢ 4+ 2 onward. However, the total losses from distorting the
review downwards after by € (p, p+ ) are of order O(e?), because V (ps11 | pe, be) is continuous and
smooth in p;41 > p. For small enough €, the gains outweigh the costs, so it is optimal to send a
vague review when C} is sufficiently uncertain of whether the product is worth buying, as opposed
to revealing the private posterior b; exactly.

Part 3 of the Theorem states that the pooling interval is convex, i.e., it is an interval of private
posteriors b; around p that is pooled into the vague message, as opposed to disparate experiences
from both sides. In particular, the incentive to lie only exists for b; slightly below p. If by < p
then C}’s opinion of the product is so low that the product is not worth experimenting with
any further, even after accounting for the informational externality of future purchases, hence
reporting such beliefs truthfully is optimal. On the other hand, the cheapest way to make the
“buy” recommendation credible is to pool it with experiences b; just above p, as opposed to b; > p.
In the latter case, C; would need to distort her experience heavily downwards relative to b, and
the welfare cost of such a distortion increases faster in b; than the persuasive power generated by
pooling such very positive experiences into message m; = p. Credibility of message m; = p is,
therefore, best achieved by distorting the marginally positive experiences b; € [p,7(p;)), while the
more positive experiences are best reported truthfully in order to allow future consumers to make
precise recommendations.

Interestingly, Theorem [I]can be related to empirical evidence suggesting that consumers are most
likely to leave reviews after either very positive, or very negative experiences (Trustpilot| [2020]).
Our result suggests that this reviewing strategy is socially optimal, since leaving no review can be
treated as a pooling (catch-all) message m = p. Of course, in the real world, many consumers do
not leave a review regardless of their experience with the product, but our model can be extended
to account for that without affecting the main result.

The formal proof of Theorem [I] in the appendix proceeds in three main steps. First, we show
that pooling is only beneficial around the cutoff. The second step shows that gains from pooling
over an arbitrarily small interval of posteriors will be of first order, while the losses will be of second
order, meaning that some noise is always optimal in equilibrium. The final step shows that the
equilibrium of the specified form (with pooling around p and truthtelling otherwise) does, indeed,

exist, and is unique up to payoff equivalence.
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6 Cheap Talk Model

The two previous sections analyze a model with commitment and derive the optimal “social
norm” — the planner’s welfare-maximizing guideline for altruistic consumers. A question inevitably
arises: would the consumers abide by this social norm? In this section, we address it by considering
a cheap talk version of the model, where consumers write their review after observing their utility
realization v; (the equilibrium definition is adjusted accordingly, see Section|3.3]). We show that the
optimal norm cannot be an equilibrium outcome in such a setting. This section begins by analyzing
the three-period model, where we show that if communication is informative in both ¢t = 1 and t = 2,
then it is noisier than the optimal norm, leading to too much experimentation and lower welfare.
We then proceed to analyze an infinite-horizon model, where we show that noise is robust: it must
arise in equilibrium regardless of how other consumers behave in the continuation equilibrium, so
long as they produce meaningful information. While truthful communication is possible in a given

period, this can only happen if social learning is expected to fully stop afterwards.

6.1 Three-Period Model

In this section we analyze the three-period cheap talk model. As in Section we include
current period ¢ in both private and public states, allowing strategies to be time-dependent, and
focus on non-stationary MPE with Cheap Talk. The first thing to note is that the analysis of
periods t = 3 and t = 2 is completely analogous to what is presented in Section [ for the model with
commitment. Specifically, in period 3, communication is irrelevant, since no one else arrives at the
market to read C3’s review. Then in period 2, Cy has no reason to misreport her experience, and
hence truthful reporting is an equilibriumm Furthermore, the analysis of C1’s continuation payoffs
in Section [£.2] carries over to this setting as well. Therefore, we focus on analyzing the equilibrium
first-period communication strategy and show that the equilibrium communication strategy must
have an interval structure: i.e., there exists a partition 0 = Ag < Ay < Ag < ... =1 and messages
mg, mi, ... such that if by € (Aj, Aj4q) then p(m; | p1,b1) = 1.

Suppose that S;(p1) is nonempty, i.e., there exists a review mgy € S1(p1) that will prevent Co
from buying the product. Then this review will be used by Cj if her private posterior by is low
enough. To see this, recall that C;’s continuation value V(pa | p1,b1) is defined in , and her
continuation value conditional on Cs buying the item, V(pg | p1,b1), is given by . For b; close
to 0, expression reduces to V(py | p1,b1) = (L — ¢) - (1+1 — Fr(T2(p2))). This expression is
negative because L < ¢, whereas sending myg yields V' (mg | p1,b1) = 0, and is therefore preferred.

Consider now “the weakest recommendation to buy” — the smallest posterior belief among those
available in equilibrium that lead Co to purchase the product, m; = min{m|m € & (p1)}. After
which experiences v; or, equivalently, for which private posteriors b; will C'y send this message? Let

Ay denote the private posterior such that C; is indifferent between sending reviews mqg and mq:

Vi(mo | p1, A1) = Vi(my | p1, A1) > 0="V(mi|p1, A1)

16Unlike in Section [4] there now exist continuation equilibria at ¢ = 2 that are payoff-distinct from the perfect
communication equilibrium. However, for the purpose of exposition, in this section we select continuation equilibria
with perfect communication in period 2 in order to simplify the analysis of communication in period 1.
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Since V(pg | p1,b1) is (linearly) increasing in by for a given ps, it follows that C; will prefer to
send mg when b; < A; and to send mq when by > A;. Further, recall from Section that
V(pQ | p1,p) > 0 for all py, so Ay < p. Importantly, C; also prefers m; to all other reviews
mj > mq when by € (Ay, p], because f/(pg | p1,b1) is decreasing in ps when py > by (due to single-
peakedness shown in . In the end, there exists a non-trivial range (Aj, p] of private posteriors,
for which C; believes the product yields negative expected consumption utility, but she finds it
strictly optimal to send m; and recommend a purchase. The intuition is the same as in Section
C1 wants Cs to purchase the product in order to generate information for Cs, even if it is not
myopically optimal for Cs.

In order to understand how the whole equilibrium communication strategy looks like, consider
the (potentially infinite) set M (p1) of messages my < mj < mg < ... that are available to C in
equilibrium. Then single-peakedness of V(pg | p1,b1) implies that C1’s optimal (up to indifference)
communication strategy is pure and monotone: higher b; leads to higher message m. Conversely,
the range of private beliefs for which m; is sent has to be convex, call it (A;, Ag]. Since Cy is
rational and Bayesian, her inference from m; must be consistent with C;’s equilibrium strategy:
mi; = E[b | by € (A1, A2]]. Since my > p and Ay < p, this implies that Ay > m;. In turn, C;
with posterior by = Ay must (by continuity of V) be indifferent between leaving review mj and a
higher review mgy > my. However, we know that V(pg | p1,b1) is single peaked in ps with a peak at
po = b1, hence the indifference condition V(ml | p1,A9) = V(mg | p1,Ag) implies that mg > Ag.

By iterating the argument, we conclude that
< Aj <mj; < Aj+1 <Myt < ...

with strict inequalities at every step. This sequence may be either finite with A; = 1 at some step, or
infinite, depending on distributions Fy. Therefore, equilibrium communication at ¢ = 1 necessarily
has an interval structure: instead of communicating her private belief b; truthfully (or, equivalently,
consumption utility vy she received), C only indicates which interval (A;, Aj;1] her posterior by
belongs to. Intuitively, the fact that the aforementioned “most cautious recommendation to buy”,
myq, is noisy and not perfectly revealing of b7 implies that all other messages must be noisy as well.
Notably, perfect communication is thus impossible even for high posteriors by, when there is no
conflict between the sender and the receiver. The latter suggests that the classic result of |(Crawford
and Sobel [1982], who show that cheap talk communication has an interval structure, does not rely
on the conflict being present throughout the whole state space, as their model assumes.

Figure [3] illustrates the payoffs in a potential cheap talk equilibrium. It plots the continuation
payoff of C1 in an interval equilibrium with three messages, mg < m; =p < mgm Panel (a) plots
this payoff against the first-best value V (by | p1,b1) (obtained if C; could relay the correct belief
by and force Cy to purchase the item). The two coincide whenever by € {m, mo}, but the cheap
talk value is strictly lower for all other posteriors. This is due to the fact that while C| manages
to convince Co to experiment with the product, the noise in communication makes the purchasing

decision of the third consumer less efficient.

Y7 A cheap talk equilibrium like the one in Figure [3] may or may not exist, depending on the value distributions Fy.
Specifically, equilibria with more or fewer messages on equilibrium path may exist, and posterior m; > p may not
necessarily be exactly equal to p.
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(a) Equilibrium communication under cheap talk. (b) Cheap talk vs commitment.

Figure 3: C'’s continuation value with cheap talk.
Note: solid blue line in both panels plots C1’s value in a cheap talk equilibrium; solid red line in panel (b) plots C1’s
value from optimal communication with commitment; m* denotes the messages sent by the optimal communication
strategies in the respective scenarios.

Panel (b) of Figure [3| compares a cheap talk equilibrium to the optimal social norm. While
obvious that cheap talk can be no better than if C; had the ability to commit, the figure shows
where these losses come from. Specifically, it is the noise for high b; that harms welfare — in those
cases, there is no conflict between C and C5, so truthful communication would be optimal, but the
noise propagates from the “conflict region” b; € (Ay, p], as argued above. At the same time, we can
see that there can be more experimentation under cheap talk: weak recommendation m; is sent after
a possibly wider range of posteriors by, including some in the conflict region, for which the optimal
norm prescribes sending a negative review, mg. Under the optimal social norm, C7 commits to not
recommend particularly bad products, for which the social value of experimentation is marginally
positive, in order to be able to communicate truthfully more often (i.e., for a wider range of b;) when
b1 > p. Under cheap talk, however, she cannot avoid the temptation to recommend such products,
which leads to more noise and lower welfare overall. Finally, while the equilibrium in Figure [3] has
the feature that my = p, it may well be the case that m; > p in equilibrium. If so, this adds to
inefficiency by reducing experimentation for by < p while not necessarily reducing the average noise
for by > p.

6.2 Infinite-Horizon Model

We now generalize the intuition of the three-period model with cheap talk to infinite horizon.
We again focus on stationary MPE with Cheap Talk, in which the communication strategies
w(m|pg,by) and belief updating rules ¢(p;, m) are time-invariant. The equilibrium multiplicity
problem associated with cheap talk models is greatly exacerbated with infinite horizon, even
with a restriction to stationary equilibria. This prevents us from providing a tight equilibrium
characterization. However, we can still show that there must be a pooling region around p, unless

communication in all subsequent histories is sufficiently uninformative. In the latter case, we argue
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that truthful communication can arise, which is not trivial with an infinite horizon, since there no
longer exists a “terminal consumer”.

To formulate the results, we first introduce the notion of a cascade from the observational
learning literature (Bikhchandani, Hirshleifer, Tamuz, and Welch| [2024]), where it describes
situations when social learning stops and the society locks in on one alternative (possibly the wrong

one).

Definition. Message m € E(p;) at public state p; starts a cascade if after such a message, ps > p
for all s > t.

In other words, we say that some recommendation to purchase issued at p; leads to all future
consumers buying the product, regardless of any of the interim consumers’ experiences and reviews.
Once a cascade starts, no new reviews can change the future consumers’ behavior. There are two
things to note in relation to cascades. First, any message m € S(p;) at any p; necessarily starts
a cascade as well, in the sense that no future consumers buy the product again, as discussed in
Section [3:2] Second, with cheap talk, there always exists a continuation equilibrium in which any
given m € E(p;) starts a cascade. One example is the babbling equilibrium, the one in which
all future reviews are uninformative and are perceived as such, and thus the public belief remains
frozen at q(m]pt)m However, in general, a cascade need not shut down the information transmission
completely: reviews may be informative and affect the public belief p; as long as they do not affect

future consumers’ actual purchasing decisions.

Proposition 1. In any stationary MPE with cheap talk, in any public state py: [p,1] C P(p:) only

if any message m € M(p;) starts a cascade.

Proposition [I] demonstrates that the conflict between the sender and the receiver of a review
precludes perfect communication. It claims that unless any message m available in period ¢ starts
a cascade, Cy cannot have access to all possible public posteriors [p,1]. This implies that some
information is inevitably lost in period ¢, unless all information after period ¢ is ignored. The idea
is that if C;41 can provide information for future consumers with her purchase, then C; wants her
to produce this externality, which leads C} to misreport her posterior in some cases. Conversely, if
no informative communication is possible at ¢ + 1 or afterwards, then C; has no reason to induce
experimentation that Cy41 is trying to avoid, because the information generated by C;y1 would not
be meaningful to the subsequent consumers either way. In the latter case, Cy can be completely
truthful with Cyy1, same as Cs could be truthful with C3 in the three-period example.

Proposition [I| is a negative statement, claiming that perfectly informative equilibria are
unattainable in the cheap talk game beyond a single period. Theorem |2 below is, conversely, a
positive statement, providing a partial (if weak) characterization of how informative equilibria must
look like.

Theorem 2. In any stationary MPE with cheap talk, for any p; for which there exists a message
that does not start a cascade, there exist l(pt) and r(pt) such that l(p) < p < r(pt), and for all
be € [l(pt), r(pe)] we have pu(m | pi,be) =1 for one of such m.

18Babbling equilibria are ubiquitous in cheap talk models. To see that babbling is an equilibrium, note that neither
player has a profitable deviation. The sender cannot benefit by sending informative messages because they are
ignored by the receivers regardless, and the receivers cannot benefit by following the sender’s recommendation since
it is uninformative.
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Theorem [2] claims that except in the cascade scenario discussed above, experiences b; in some
neighborhood of the myopic cutoff p are always pooled together into a single review. The intuition
mirrors that from Sections [5 and if one of the consumers arriving after ¢ is able to leave
informative reviews, the option value of this information makes it optimal for C; to make Cyiq
buy the product when it is myopically suboptimal for the latter. To make this recommendation
credible, it must also be sometimes issued when b, > p. The part that is worth pointing out here
is the qualifier on p;: communication at p; must be noisy only if at least some message is available
in M(p;) that does not start a cascade — i.e., if at least some future consumer can issue a pivotal
review. The complementary case was discussed in Proposition : if all messages in M (p;) start a

cascade, then perfect communication in state p; is possible.

7 Conclusion

This paper presents a theoretical model of social learning, focusing on the issue of information
provision in product reviews. We look closely at the fundamental tension underlying product reviews
— the conflict between consumers’ self-interest in purchasing behavior and their prosocial motives
when writing reviews — and investigate how this tension affects the informational content of the
reviews. We show that even in the absence of external interference (from, e.g., a platform or
the sellers), this tension inevitably leads to a breakdown of truthful communication, as reviewers
desire to deceive future consumers into buying a potentially subpar product for sake of generating
information. Moreover, despite the conflict only arising under specific circumstances, the noise
created by it can propagate, making all communication noisy in equilibrium.

Furthermore, our model connects two well-documented empirical patterns: the prevalence of
prosocial motives in review-writing, and the tendency for consumers to leave reviews primarily after
extremely positive or negative experiences. We show that leaving noisy reviews (or abstention from
reviewing altogether) after average experiences improves welfare relative to truthful communication,
due to it encouraging social experimentation. Therefore, this kind of behavior can emerge as an
optimal strategy in the presence of prosocial motives. Alternatively, non-reporting of average
experiences can arise as the optimal social norm in the society, which is not necessarily a result
of individual consumers’ rational intent.

Beyond the specific context of product reviews, our paper also contributes to the broader
literature on social learning and information aggregation. For instance, in the realm of scientific
research, our results suggest that the non-publication of “weak” or null results may be optimal from
a social welfare perspective. While it may lead to research effort duplication in the short term, it
may also stimulate the production of stronger, more convincing findings in the long run, improving

social welfare overall.
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Appendix

A.1 Supplementary Lemmas

In this section, we introduce a number of supplementary results that will aid us in proving Theorem [I]
Therefore, “equilibrium” should be understood as “stationary MPE with Commitment”.
First, fix an arbitrary state p; € [p, 1)@ Let ®y(b|p:) denote the c.d.f. of the private posterior b; from

Cy’s point of view given prior p; and true state 8. We next derive the exact expression for ®g(b|p;).

Lemma 2. The distribution of by conditional on 6 and public belief p; is

- b Pt
_ 1
Dy (blp:) = Fy (L <ln T3 In 7 m)) .

Proof. By definition

b(pg, v b
<I>9(b|pt)P{b(pt,vt)§b|pt,0}]P’{ln (pe; v1) <In }

X 79
1—b(pt,11t) 1 —b ‘pt

b _ b
:P{]nlftpt—FL(’Ut)ghll_b |pt,0}:P{’Ut<L 1(1n1_b—1n1€tpt> |pt’0}:

_ b Dt
=Fy (L' (1 -1 )
9( (nl—b nl—pt>) -

Given ®g(b|p;), we can introduce ®(b|p;) to denote the c.d.f. of Cy’s private posterior b; given prior p;.

@(blpe) = pi - Pu(blpe) + (1 —pi) - Pr(blpe)- (5)

Note that the MLRP assumption implies that L'(v) > 0 for any v, and therefore the respective p.d.f.
d(blpt) = % is well defined. Then ¢(m/|ps, ) can in equilibrium be written as an expectation with

respect to ®(b|p;) of the private posterior b, of the agent who sent message m:

[b- p(mipr,b) - 4 (blp)
q(mlp;) = E[blm, p;] = ° : (6)
p(m|pe, b) - d(blp;)

Ct— =

Without loss, hereafter, we assume direct communication strategies, where m = g(m|p;). The next
result provides a more convenient representation for value function . It shows that the continuation value
V(m | ps,bs) after any message m € £(p;) can be characterized by two value functions V' (m) and VL (m)

that do not depend on b; or p;.

Lemma 3. Fiz any equilibrium. For any public belief py, if m € E(p;) then
Vipess | pesbe) = 0(be) = e+ 8+ [b - VI (proa) + (1= b) - VE(pesa) |, (7)

where pry1 = m = q(m|p;) and

—+o0

BT I (pe = p) - (vs— )

s=t+1

Vo(p) :=E

Di, 91 . (8)

9Remember that if p; < p the experimentation stops, while if p; = 1 the distribution becomes degenerate and
reduces to a point mass at b = 1.
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Moreover, V(m | ps,by) is linear and strictly increasing in by for any given m € E(py).

Proof. Assumption m € &£(p;) means Ciy; will buy the product, receiving a payoff that C; estimates
at E[vyq1]0¢] = 0(by). For all s > t + 2, v, are independent from {vi,...,v:}, so ps are independent
from b; given m. Hence reduces to exactly @ Linearity follows immediately, since both 6(b;) and
by - VH(py) + (1 — b;) - VE(p;) are linear in b;. To show monotonicity, observe first that 6(b;) is strictly
increasing in b;. Second, for any s > t+ 1: Efvs—c|p,0 = H] > 0 > Evs — ¢ | pt, 0 = L], and v, is
independent of p, (because v is independent of {vy,...,vs_1}), meaning that V7 (p;i1) > 0 = VE(pii1).
The result then follows. O

Lemma 4. Fiz an arbitrary p; € [p,1) and the corresponding distribution ®(b|p;) given by . Suppose
by ~ ®(b|p:). For anyl € [0,p], let r(1) be implicitly defined by the following condition:

Eb|be[l,r]] =p. 9)

Then
r(l,ps) s well defined for alll € [0, p],

2. for any € € [0,p) there exist §(g,p:),0(g,pt) > O such that if | € [p — &,p] then r(I) —p €
B-(p—1),0- (01,

r(l,pt) s a continuous function on [0,p] x [p,1).
Proof. Rewriting definition (9)), we get

T

Jo-p o0 a / H(blpe) db (10)
l

D

The left-hand side of is continuous, strictly increasing in r, and equals zero for r = p. Since

E[b|p:] = p: = P, it follows that

1

Jo=p i a / —b) - p(blpe) d / H(blpe) db (1)
0 l

D

Combining the observations above, by the intermediate value theorem we conclude that (I, p;) exists.

Fix some € > 0. Let B, := min{¢(b|p;) | b € [p—e,r(p—e)]} and By, := max{p(b|p:) | b € [p—e,r(p—¢)]}.
These bounds exist because ¢(b|p;) is continuous, strictly positive, and finite for any p; € [p, 1)@ Therefore
we can obtain from that
By, 2 B

() -p)P <2 (1) and - cO-p*> 5 -1

Recall that Bj, By, > 0 (since ¢(blpt) > 0 for b € [p —e,7(p —€)] C (0,1)), so by setting ¢ := ,/gl and

§:= 113;;1 we get the result.

It remains to show the continuity of r(I, p;). Fix some ¢ > 0. Take some sequence (I", p}) € [0, p] x [, 1 —¢]

that converges to a given (I,p;). Denote associated solutions to as " = r(I",pf") and r = r(l,pe).

20Continuity follows from Lemma and the assumption that fr, and fg are continuously differentiable. It implies
that ¢(b|p:) is continuous because it can be expressed as a function of fr, fg and f7, fz;, which are all continuous.
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Then

rn

D
Jo-p o) ds= [ 5 6)- o) db (12)
p n
Let n — +00. Because p € [p,1 —¢] and b € [0, p], it implies that ¢(b|p}*) is uniformly bounded from above.
Then by the Dominated Convergence Theorem (see [Evans and Gariepy| [2015], Theorem 1.19) the RHS in
D

converges to [(p — b) - ¢(b|p:) db as a composition of continuous functions. Given it implies
1

n

T T

i [(b=p)- o(blot) b+l [ (b p)-o0lp?) db= [~ p)- G(tlp) .

n—-4oo

r D

By the Dominated Convergence Theorem the second summand in the LHS converges to the RHS, and

therefore .
o

dim [ (b= p) - G(0lpE) db = 0.
T
Assume now the contrary, that is ™ - r. Then the measure of the integration area is separated from zero.
Both functions within the integral are then also separated from zero on a non-zero measure set. Therefore,
the integral above is separated from zero as well and can not converge to zero, which gives us a contradiction.

The claim was established for any € > 0 and therefore r(I, p;) is continuous on [0, ] x [7, 1). O

Lemma 5. Suppose f(x) is a [weakly] convezx and differentiable function on [p, 1], a,b > 0 and f(p) = ap+Db,

f'(p) = a. Then f:c(j_)b is a [weakly] increasing function on [p,1].

Proof. Consider y > z > p. Then

) f@)  w-r (=@
ay+b axr+b  (ay+b)(az +b) <( +9) — ut )>
Because f(x) is convex we have that f(yy):j:(i) > f(wx:g(ﬁ). Therefore,
(@o+0) PO g0 > ey LD IO ) = apr ) LD ),

f(p) = ap + b and using convexity of f(x) once again we know that %}J;@ > f'(p) = a. Therefore, the

expression above is non-negative. O

Lemma 6. In any equilibrium, there exists A > 0 such that for all p; € [p,1), allm € E(py), and all by < A:
V(m | ps,be) <O0.

A
I
:

Proof. Since m € E(p;), representation @ applies. It is then enough to recognize that V7 (m) <

VL(m) <0 to conclude that V(m | p;,b;) <0 for all by < A := %

OJ

Lemma 7. Fiz some equilibrium. Let V*(b) := V(bs | pt,be) denote Cy’s equilibrium continuation value
of communicating her private belief by truthfully. Then V*(by) is strictly increasing, (weakly) convex and
differentiable for by > p. Further, V*(by) = 0 for by < p and V*(bs) > 0 for by > p. Finally, for any
by, pi+1 = P, it is true that

V(pes1 | pe, be) < V(). (13)
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Proof. First note that V*(b;) is well defined since V' (b; | pt, b;) does not depend on p;. Indeed, the path of
play from ¢+ 1 onward only depends on p.y1, and C}’s expectation of this play only depends on by and pyy1.
The claim that V*(b) = 0 for b < p is immediate from the fact that Cy;41 does not buy the product and

receives utility zero when p;11 < p. V(pet1 | pt, be) can be expanded as

V(pet1 | pe,be) = 0(be) — c + B-

1 1
> / V(m|pi+1,b) - p(mlpii1,0)d® g (blpes1) + (1= by) / V(m|pit1,0) - p(m|pes1, 0)d® L (b]pe+1)
meM 0 0

At the same time Cyy1 with public belief p;11 when choosing the optimal communication strategy maximizes

1 1
> | pe /V(m\PtH, b) - p(m|pet1, b)d®p (blprr1) + (1 — pes1) /V(m|pt+1, b) - pi(m|pes1,0)dPL(b]pe+1)
meM 0 0

Therefore if p;11 = b, when Cyy; maximizes the continuation value, he does it the same way as C; would,
and therefore holds.
To show that V*(b;) > 0 for by > p and V*(b;) = 0 for b, = p, note that by (13),

1

-5 (0(b) —c).

+oo
V(b)) 2 V(L | pe,be) = z BN O(b) — o) =
s=t+1

The expectation in the right hand side is then equal to zero at b; = p and is strictly positive for b; > p.
Next, we establish the differentiability of V*(b;). The definition of V*(b;) and imply that
V*(bs) = max V(pig1 | pt, be). Therefore by the envelope theorem and representation @ we have
Pt+1

dv*(by)
dby

=H—L+8-(V7(br) = V(b)) (14)

All terms in are well defined and bounded, therefore the derivative exists. The monotonicity then follows
from because H > L and V(b)) > 0> VE(b,).

Finally, we show the convexity of V*(b¢). Assume there are p <V <V’ and b= X-0" + (1 — A) - b” for
some A € (0,1). Lemma |3|implies that V(psy1 | pt, b¢) is linear and strictly increasing in b for all p;11 > P,
ie, V(pee1 | pt,be) = k1(peg1) + k2(pes1) - by with ka(pey1) > 0. Therefore

V(') = V(blpe, b') = k1 (b) + ka(b) - ¥,
VE(V") = V(blpe,b") = k1 (b) + ka(b) - V.

Adding these two inequalities together with weights A and 1 — A respectively yields
A-VEB)+ (1= X)) - V") = ky(b) + k2(b) - b= V*(b),

which establishes the (weak) convexity of V*(b;). O

Now we are ready to prove the main theorem.
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A.2 Proof of Theorem

The proof of the Theorem proceeds in a number of steps. Steps 1 to 10 show that if an equilibrium
exists, it must take the form described in the statement. Step 11 then confirms that an equilibrium, in fact,

exists and is unique up to payoff equivalence.

Step 1. For any equilibrium there exists a payoff-equivalent equilibrium with the following
property: for any p; € [p,1) and any b; > p we have p; 1 > p.

If the property is satisfied for the original equilibrium, then we are done. Therefore, assume that given
an equilibrium strategy u, there exist p; € [p,1), by > P, and m < p such that u(ml|p,b;) > 0. Consider
then an alternative strategy u', which coincides with u, with the exception that it communicates b; in state
pt truthfully: u'(bs|pt,b:) = 1. Doing so yields continuation value V*(b;). This value is strictly positive for
any b; > p and can only be zero at by = p by Lemma [7] while sending message m < p yields a continuation
value of zero. At the same time, g(m|p, p') < g(ml|pe, p) since m is not sent after by > p under p', hence
message m stops experimentation under p’ same as it does under p. Therefore, p’ yields a higher value than
w in private state (p¢, b;) and performs equally well in all other states. Exhausting all such m we construct

a payoff-equivalent equilibrium with a desired property@

Step 2. For any equilibrium there exists a payoﬁ'—equivalent equilibrium with the following

—B)(e—L)
H ﬁc (1-B)L

If the statement is true for the original equilibrium, we are done. If not, suppose that there exist such

property: for any p; € [p,1) and any b < A := we have p;1 < D.
pt € [P, 1), some set of states by contained in [0, A), and m > p such that u(m|ps, b:) > 0 according to the
equilibrium strategy p. Let ®(b|p;) be defined by . Define ~ so that the following condition holds:

1

gbw(mlpt,b)d@(blpt) fbu m|pe, b) d®(b|p;)

5 (15)
p(m|pe, b) d®(blp;) {u m|py, b) d®(b|p;)

O

In words, we look at the equilibrium distribution of b; conditional on message m, and select v in such a way
that the expectation of b; according to this distribution does not change if we restrict its domain from [0, 1]
to [A,v]. Note that v < 1 is well defined since E[b|ps, m] =m > p > A.

Analogous to the argument in the previous step, we then construct an alternative strategy p’ that is

identical to p, except whenever p prescribes that message m is sent, p’ prescribes the following:
1. if by € [0, A), then send a truthful message by;
2. for by € [A,7] send m as in p;
3. if b € (7, 1], then send a truthful message b;.

Lemma@ implies that if by < A, then V(m | p,b;) < 0. Hence u' performs strictly better than u for by < A
because C} stops experimentation with truthful message and therefore gets 0. If b; € [A,~] then C} receives
the exact same payoff as above, since ensures that m generates the same posterior under both p and p’.
Finally, if b; € (v, 1], then from Lemma (and inequality in particular) we know that truthful reporting

is weakly better for Cy than inducing any other message. We conclude that strategy p’ weakly improves Cy’s

2INote that exhausting all such p;, bs, and m cannot result in a strict improvement, since that would contradict
being an equilibrium strategy.
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continuation value after all private posteriors (and strictly at some) relative to p. Exhausting all such m we

construct a payoff-equivalent equilibrium with a desired property.

Step 3. For any equilibrium there exists a payoff-equivalent equilibrium with the following
property: for any p; € [p,1) if m > p is such that p(m/|p:, V'), u(m|p:, v”) > 0 for some ¥',b" > p, then
w(m|pe,b) > 0 for some b < p. In words, it is never optimal to pool posteriors above the cutoff p without
also pooling them with some posteriors below p.

If the statement is true for the original equilibrium, we are done. If not, there exists some m such that
w(mpe, '), p(mpe, b)) > 0 for some ', 0" > p, and p(m|ps,b) = 0 for all b < p. Consider an alternative
strategy u' such that at all (p, b;), at which p prescribes leaving review m, p’ prescribes instead revealing by
truthfully with the same probability, and ' is equivalent to p otherwise. At any such b, reporting m yields
continuation value V(m|p;, b;), while a truthful report yields V*(b;), which is weakly larger by , hence
i is a weakly better strategy than p for any b; for C;. Adjusting communication strategies for all such m

we then construct a payoff-equivalent equilibrium with a desired property.

Step 4. For any equilibrium there exists a payoff-equivalent equilibrium with the
following property: for any p; € [p,1), if there exists some pooling message m such that
w(m|pe, '), p(m|pe, b") > 0 for some V' < p < b’, then m = g(m|p;) = p. If the statement is true
for the original equilibrium, we are done. If not, there exists a message m with ¢(m|p;) > p which is sent
for some V' < p < b”. If according to ®(b|p;) the measure of states where m is sent is zero, then we are
done as well, because we can substitute m with truthful reports in these states. Therefore, assume that the
measure of states where m is sent is non-zero. Consider then an alternative strategy p’ which is equivalent
to u, except that message m is replaced by the following messages. Whenever p prescribes message m, p’
sends message p if by < v, and reports b; truthfully whenever b; > + (with the same probability as under ).
Select v in such a way that q(p|ps, ') = q(|pe, u, by < ) = }3@

Consider then C}’s expected continuation value under p and under p’. Because these strategies are
identical, except for private beliefs where m is communicated under p, we need to compare the respective

contributions to the expected value of Cy. For strategy p it is

V(mlpe,b) - 1(mlpr. b) d(blps) = V*(m) - / (s, b) dB(blpr)

b:p(m|pe,b)>0 b:p(m|pe,b)>0

In the above equality we used the linearity of V' (m/|p;, b;) in by established in Lemmal[3] For ' the contribution

is

V (plps, b) - u(rmlpe, b) d(blpy) + / V (blpe,b) - p(rmlpr, b) d®(blpy) =
b<y:u(m|pe,b)>0 b>~:pu(m|pe,b)>0
V*(p) - / u(mlpe, b) d(blpy) + / V*(b) - p(mlpe, b) d(blp)
b<y:u(mpe,b)>0 b>v:pu(mpe,b)>0

Since V*(b;) is (weakly) convex, Jensen’s inequality implies that strategy p’ is (weakly) better than p. Taking
all such m and adjusting the communication strategy we then construct a payoff-equivalent equilibrium with

a desired property.

2ZNote that such v always exists because we assumed that m is sent for a non-zero measure of states b;.
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Step 5. It is without loss to restrict attention to Markov equilibria with at most one
pooling message which induces public belief p,; = p. This is because by Step 4, any pooling message
must induce the same public posterior p,y; = p, and by the Markov property, the continuation play must

then also be the same after any pooling message.

To summarize the steps above: we now know that any Markov equilibrium is payoff-equivalent to a one

where C} either reveals her belief truthfully so that p.11 = b, or sends a pooling message m = p so that

Dt+1 = D-

Step 6. For any equilibrium there exists a payoff-equivalent equilibrium with the following
property: for any p; € [p,1), there exists I(p;) < p such that u(p|p:,b) = 0 for b < I(p:), and
w(plpt,b) =1 for b € [I(p:),p]. In other words, the pooling region (if it is nonempty) is convex left of the
cutoff.

For the original equilibrium, denote I(p;) := inf{b < p | u(p|p¢, b) > 0}. If the property holds for the
original equilibrium with such {(p;) then we are done. If not, then there exists a subset of states b; contained
n [I(pt), p] where b; is revealed truthfully (remember from the previous step that induced posterior is either
truthful, or is equal to p). If the total measure of such states is zero, then we are done as well. Indeed,
we can prescribe sending message p in these states: adjusted communication strategy satisfies the desired
property while the C;’s value does not change. Therefore, assume that the total measure of such states is

strictly positive, i.e.,

D
[ = utolpiv) d20ip) >0
I(pt)
We next show that it implies a contradiction with p being an equilibrium strategy. For that we construct
an alternative strategy p' which delivers a strictly higher payoff for C; rather than p. For that, define
U(pt) > l(p:) such that

O(blps) = | w(plpe,b) d®(bpy).

ﬁ \"B\
\'m

U(pt)

Also define v > p such that
E[b|be[l'(p),p)US,] =p, (16)

where S, = {b | p(p|pt,b) > 0,p < b < ~v}. In words, below p, strategy p/ compresses the entire mass of
beliefs where message p is transmitted towards p. Above p, it cuts high beliefs to maintain the induced
posterior after the pooling message to be exactly p.

Define p': it sends pooling message p for all b, € [I'(p:),p] U S, and reveals b, truthfully otherwiseﬁ

Then we need to show

1

/vm%>@m%+/ (Plpesb) - @mm+V<><;@mwn@wm+/wwmmwa>

U(pt) ~

V(plpe, b) - u(plpe, b) d®(blpe) + / [V (plpe, b) - u(Plpe, ) + V7 (b) - (1 — pu(plpe, 0))] d@(blpr).

\"@\

) D

5

23Pooling such private beliefs into one message indeed induces posterior $ due to (I6)).
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Because V (p|pt, by) is linear in b, and due to we have

/ V (plpe. b) dB(blpr) + / V(lpes5) - u(plpes ) d®(blpy) =

U(pe)

V(plpt,b) - u(plpe, b) d®(blpe) + | V(Plpe, b) - u(plpe, b) dP(blps)

\:"B\
‘d\\H

l(pe)

5

Therefore it only remains to show that
1

[V ® - wloevyiaip) > o
5

It is true because the measure of beliefs b; > ~ for which p is transmitted is strictly positive, and
V*(v) > V*(p) > 0. This shows that u’ gives a strictly higher payoff to C; rather than u, which is a

contradiction.

Step 7. For any equilibrium there exists a payoff-equivalent equilibrium with the following
property: for any p; € [p,1), there exists r(p;) > p such that u(p|p;,b) = 0 for b > r(p;), and
w(plpt, b) =1 for b € [p,r(pt)]. In other words, the pooling region (if it is nonempty) is convex right of the
cutoff.

For the original equilibrium define r(p;) := sup{b > p | u(p|p:,b) > 0}. If the property holds for the
original equilibrium with such r(p;) then we are done. If not, then there exists a subset of states b; contained
in [p,r(p:)] where b; is revealed truthfully. If the total measure of such states is zero, then we are done as

WGH@ Therefore, assume that this measure is strictly positive, i.e.,

(1 — pu(plpe, b)) d@(blp:) > 0.

‘8\\%

We next construct an alternative strategy p/ which delivers a (weakly) higher payoff for C; rather than u
and satisfies the desired property. From the previous step we know there exists I(p;) < p such that b; is
revealed truthfully for b; < I(p;) and message p is sent for all b; € [I(p;),p]. Then define r'(p;) < r(p:) such
that

E[b[be [i(pe), ' (p)]] = E[b | p(plpe, b) > 0] = p, (17)

Consider an alternative strategy p’ for C; that is equivalent to p for b, < P, sends message p for all
b: € [p,r'(p:)], and reveals b, truthfully for all b; > r'(p;). We next show that p’ yields a (weakly) higher
payoff to C;. The equivalence of p and p' for by < p implies that we only need to look at b; > p. Hence, we

24For the same reason as in the previous step.
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need to show

J V@120 @ 1508+ V70 (1= o 5] d(blp) <

' (pt)

[

V(B | pe,b) dD(blps) + / V*(b) d(blp,)
T'(Pt)

Sl

Rearranging terms we get

1
[ [V ®) v peb)] o] prb) d2ip) >
' (pe)

' (pr)

[ Ve - vl mb] 0 up.5) dop. as)

3

First, expand definition . We have

7"(1%)
/ (b—p) dB(b|p,) =
I(pe)

1
(b— p) dD(blpe) + / 1(Blpe, b) dB(blpy)

N \"B\

~
3
&
N2

Canceling terms on both sides we get

r'(pe) 1
/ (b—p) - (1 — pu(plpe. b)) dB(blpy) = / (b— ) - u(plpe,b) d®(blpy) (19)
(Pt)

P r

Second, since V(P | pt, by) is linear in b; by Lemma [3] and V*(b;) is convex by Lemma (7] their difference
V*(bs) — V(P | pt,b:) is convex in b;. Hence by Lemma %_(ﬁﬁ\m@) is increasing for b; > p. This

monotonicity implies

(P | pe,b) d®(blps) <

[ V)~ V(B )
,(/) o= o)~ p

1

[ o-p O 0 daln) -

' (pt)
1

| V'O -V peb] o5 doioi).
7 (pe)

where the top line is the LHS of (I9) multiplied by a constant v (T(pt)r)(pt)(pgpt’r(pt)), and the bottom line is
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the LHS of . For the RHS of and we similarly get

' (pt)

= V*(r(pe) — V(B | prr(p0))

(L= p(p | pr, b)) d®(blpe) >

bS]l

VO VEInb
b—p

L—u(p|pt,b) dP(blp:) =

il

' (pt)

VE®) = V@ | peb)| - (L= o | prsb) d(blpr):

p

The inequalities above together with imply that holds, meaning that p’ satisfies the desired property
and is a weakly better strategy for C} rather than u, and is thus payoff-equivalent to p.

Step 8. In equilibrium, V*(p) > 0.
The previous steps establish that any equilibrium is payoff equivalent to one in which C} sends a pooling

message P for b; € [I(pt), r(p¢)] and reveals b; truthfully otherwise. Therefore

r(p) 1
VD) = V(P | prup) = 0(p) —c + - / V*(5) dD(blp) + - / V*(b) d(b]p).
(P)

Lp) r(p

By definition of p, the first summand is 0. Note that 7(p) < 1 because {(p) > A. Therefore, the last term is
strictly positive by the properties of V*(b) outlined in Lemma and the fact that b, has full support on
[0,1].

Step 9. Assume an equilibrium satisfies properties from Steps 1-7, then for any p; € [p, 1)
the pooling interval is nonempty: I(p:) < p < r(pt).

Suppose the contrary — which, given the steps above, means that the equilibrium communication strategy
w is truthful: p(by | p,by) = 1 for all b;. Take some ¢ € (0,p). Denote l(¢) := p — ¢ and set r(¢) such that
E[b: | b € [I(g),7(€)]] = P, which is possible by Lemma 4] Consider then a strategy p. that sends a pooling
message p for all b, € [I(),7(¢)] and is truthful otherwise. We now show that there exists ¢ such that p.
yields a higher expected payoff for C; in state p; rather than pu.

The difference in C}’s expected payoff under p. relative to that under p is given by

r(e) r(e)
/ V(P | prb) d®(blpy) — / V*(b) d®(blpy).

l(e) P
Our goal is to show that for some ¢, the expression above is strictly positive, i.e.,

D r(e)
/ V(P | prb) dB(blpy) > / V() — V(5 | pu.b)] dB(bpe). (20)
I(e)

bS]l
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Since V(m | pt, b;) is linear in b;:

r(e)
V@) = V(5 | prob)] dD(blp) = / V(5| peb) — V* ()] dD(blpy).

\’@\

l(e

iS 1l

Adding the equality above to we get

D r(e)
/ V() d(blpy) > / V*(6) — V*(p)] dD(blpo).
I(e)

bS]l

Monotonicity of V*(b;) implies it is sufficient to show:

Vi(D) - [@(p) — @(U(e)] > [V7(r(e)) = VI (D)] - [2(r(e)) — @(D)], (21)

Recall from Lemma [4] that there exist B; := min{¢(b|p:) | b € [I(),7(¢)]} and By, := max{¢(b|p;) | b €
[l(e),r()]}, — bounds on density ¢(b|p;) on the relevant interval of b. Since ¢(b|p;) is continuous and
strictly positive, these bounds exist and 0 < B; < Bj < oo. Given these bounds, it was established that

r(e) —p< ,/%’Z - €. These bounds then imply that
_ _ By,
(p) — D) > B e, 2(r(e)) ~ (p) < By 2. (22)
On the other hand, V*(r(e)) — V*(p) is also bounded from above by a factor of €. To see this, recall that
Lemma |5| provided an exact form for %b(f“). Using the trivial bounds for V' (b;) and VL (b;) we conclude
that dv;b(tbt) < H_(l_lf)ﬁ'L_B'c. Therefore
. o H—-—1Q-p)-L-p-c . _H-(1-p)-L-p-¢ |B
Vi) - v < TESD (@) -p < T2EED) e @)
1-5 1-p B

Combining with , we have that holds if the following holds:

H—(1-8)-L—B-c B ,

V*p)-By-e> -5 B—l2~€. (24)

If holds for the picked ¢ we are done. If not, since the LHS is proportional to ¢ and the RHS to £2, there
exists a small enough € < € such that holds. For € < ¢ both inequalities in [22| are valid and therefore
holds for & as well, meaning that strategy juz is strictly better for C; rather than pu.

This concludes the proof of the shape of equilibrium. The two remaining steps verify that an equilibrium

of this form does, indeed, exist, and is unique.

Step 10. Assume an equilibrium satisfies properties from Steps 1-7, then for any p; € [p, 1)
the optimal pooling interval [I(p;),(p;)] is uniquely determined.

For a given I(p;), the right end r(p;) of the pooling interval is uniquely determined by Lemma
Therefore, it is sufficient to show that I(p;) is uniquely determined for any p; € [p,1). Applying the implicit
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function theorem to we obtain

) p—l &llp
&~ =5 o) (25)

Given (125)), C; chooses an optimal | to maximize

T 1

V*(p) / dB(blpr) + / V*(b) d(blp,)-

l

Differentiating the above expression with respect to [ we get

dr(l)

V*(p) (¢(7“|pt) A ¢(lpt)> —V*(r) - o(r|pe) - dr(l)

dl

Given (125)) the above expression can be rewritten as

V@) -V:® _
¢lp)-( ——(p-0)-V®) |- (26
We next show that there exists [* such that is strictly positive for [ < [*, equal to zero at [* and is
strictly negative for [ > [*. by Lemma w is an increasing function of r, and r(l) is a decreasing
function of [ by . Therefore, the expression in brackets is a decreasing function of I. What remains is to
show that is positive for [ = 0 and is negative for [ = p. The latter is trivial, while the former reduces

to V*'(p) - p— V*(p) > 0. Given this expression can be calculated explicitly:
V*(p)-p=V*(p) = p-(H-L)+B-p- (VI (p) = V() = 8-p-V (p) = 8-(1-p)-V*(p) = p-(H—L)=-V"(p) > 0

This implies [* is the optimal left end of the pooling interval, and r* derived from is then the optimal
right end of the pooling interval.

Step 11. An equilibrium exists and is unique up to payoff equivalence.

Remember that a Markov equilibrium is a collection of communication strategies defined for all p;. Steps
1-10 established that to describe the optimal strategy for any p; € [p, 1) it is enough to determine the pooling
region [I(p;),(p;)] such that the bounds of the interval satisfy (L0).

Notice that V*(p;) can be interpreted as the value of consumer C; with public belief p;, evaluated before

C; purchases the product. Therefore, V*(p;) satisfies the following Bellman equation for any p; € [p,1):

r

V(o) = max | 0p0) — e+ 5+ [ V() db(blp) + 5+ [V (0) d20lp) 1)
l T

st / (b—p) - 6(blpr) db =

D

(P —b) - ¢(blpt) db.

~t—

We next apply the Banach fixed-point theorem to establish that there exists a unique V*(p;) which constitutes
a solution to (27). To do this, consider a metric space of functions CZ[p,1] defined on [p, 1] such that
f € Cx[p,1] if:

1. f is continuous on [p, 1],
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2. f(p) 20, f(1) = ¥,
3. f is (weakly) increasing on [p, 1].

We endow it with a standard metric p(f,g) = m[aﬁ] |f(z) — g(x)|ﬁ Define mapping CZ[p, 1] — CZ[p, 1] as
z€|P,

\T

y(p) = max |00) — -+ 5 [ 1) dv(tlp) + 5+ [ 7(6) de(olp) (29)
l r

T

st [(0=p)-o0lp) db= [ (5 -1)- o(blpo) ab.
P l
We separate this step into three sub-steps. These sub-steps verify that the premise of the Banach fixed-point

theorem is satisfied.

Step 11.1 Ty(p;) is well defined, i.e., Tf(p;) maps CZ[p,1] into itself.

To begin with, note that the solution to the maximization problem in the RHS of exists, and thus
T (p) is well defined. Indeed, Lemma[d]shows that 7(, p;) is a continuous function. Therefore, the expression
within the brackets in the RHS of is a continuous function of [, and thus it attains its maximum in [
on [0,p]. We now proceed to verify that T satisfies the properties required by CZ[p, 1].

First, let us show that 7¢(p) > 0 and T¢(1) = 11{:56 If f(p) > 0 and f is weakly increasing, then f(x) > 0
for all @ € [p, 1]. Therefore T(p) > 0 no matter how [, r are chosen in (28). With p, = 1, distribution ®(b|1)
is degenerate with a point mass in b = 1. Therefore, does not depend on [, r, and we have

T(1)=H—c+f- If:; = If:;.

Second, we establish the monotonicity of Ty. Fix any x1 < x2. Let l1,71 and ls,72 be the respective

maximizers of at p; = x1,x. Also define 7} := r(ly, x2), i.e., the value of r that solves with { = [
and p; = x2. Then

Tp(a1) = O(a1) — e+ - / £(p) d®(bjzy) + / £(b) dD(blry)
I T1
71 1

<(e2) —c+ B / £(5) d(blz) + / £(b) d(bl)
l1 T1

<O(z2) —c+p f(p) d®(blzz) + [ f(b) d®(b|x2)
]

) 1
<O(zz)—c+ B / F(p) d®(bls) + / £(b) d® () | = Ty(a).
lo 72

The first inequality in the sequence above is valid because ®(b|xs) first-order stochastically

dominates ®(b|x1) and f(b) is increasing. The second inequality follows from 77 < r1 and f(b)

Z5Note that this is equivalent to the standard sup-norm || - ||e. Since the functions are continuous, the maximum
exists.
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being increasing. The last inequality holds because Iy, 7] are not necessarily the maximizers for
given p; = xa.

Finally, we establish the continuity of T¢(p;) in p;. We first show that T (p;) is continuous at

pe = 1. Tp(1) = If:ﬁc Take any € > 0. Because f(b) is continuous and strictly increasing, there

exists A > 0 such that for all b € [1 — A, 1] we have f(b) > {I:Bc — 5. Then take d; such that

O(1—-A|l—-01) < 3= and 03 = m Then for any § < min{dy,d2}:
-5

€ € H—-—c¢c ¢ H—c¢
Te(1l — H—c— - 1 - . - = _— =
f( 5)> C 3+O+B < 3HC> (1—6 3>>1—B £,

which implies that T (p;) is continuous at p; = 1. Next, we show that Tt(p;) is continuous for
pt € [p,1—4] for any given 6 > 0. We can apply Berge’s Maximum Theorem (see Stokey, Lucas, and
Prescott| [1989], Theorem 3.6). Consider as a maximization problem in [ and treat r = (I, p;)
that solves the constraint as a function of [ and p;. Then for any p; € [p, 1 —§], the set of admissible
[ is a closed interval [0, p]. The only property that needs to be checked then is the continuity of the
expression within brackets in . The first summand 6(p;) — ¢ is obviously continuous in p;. The
second summand can be rewritten as V*(p) - (®(r(l,ps)|pt) — ®(I|p¢)). Lemmal[d] implies r(l, p;) is a
continuous function. ®(b|p;) is a continuous function of its arguments, and, therefore, the summand
is also continuous, as it is a composition of continuous functions. Finally, let (I", p}') be a sequence
that converges to (I,pt), and let ™ := r(I",p}'). Then because f(b) < 1 ﬁ, by the Dominated

Convergence Theorem (see Evans and Gariepy| [2015], Theorem 1.19), we have that as n — +o0,

/ F(b) - $(blpl) db — / F(b) - $(blpe) db

Finally, because ®(b|p;) is continuous, and r™ — r, p}' — py,

H—c¢
/ F(b) - Sl db < (@) — (" [p)) — 0,

which finishes the proof.

Step 11.2 C%[p,1] is a complete metric space.
The space of continuous functions defined on [p, 1] is complete. Therefore, any fundamental
sequence { fn > with f,, € € C*[p, 1] converges to a continuous function f. The remaining properties

of the hmltlng functlon are straightforward. If f,(p) > 0 and f(1) = 11{—_5 for all n, then taking the

limit in n we get f(p) > 0 and f(1) = 1;1:; It remains to show the monotonicity of the limiting

function. Fix any 21 < zo. If f,(z1) < fn(x2) for all n, then taking the limit on both sides in n we

get f(z1) < f(22).
Step 11.3 Ty(p;) is a contraction on CZ[p, 1].
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Take any f,g € CZ[p,1] and p; € [p,1]. Denote the respective maximizers of at p; as
lg,ry for f and lg,ry for g (if the maximizers are not unique, pick any). Without loss, assume that

Ty(pt) = Ty(pt). Then

1

Tf 1 Tg
T(pe) — Ty(pr) = 8- / £(5) d®(blpy) + B / £(b) d®(blp,) — - / 9(p) dD(blpy) — B - / 9(b) d(bpy)
ly rf ly

Tg 1
<8 / [F(B) — 9(p)] d®(blpy) + 6 - / [£(5) — g(b)] d(blpy)
lg Tg

1

<B-p(f.g)- / d®(blp) < B - p(f. ).

lg

Therefore, p(Ty,Ty) = m?x] |Tr(pe) — Ty(pe)] < B - p(f,g), and thus T¢(p;) is a contraction on
pte ﬁ71
C*lp,1].

The sub-steps above imply that there exists a unique V*(p;) that solves . Therefore,
the associated maximizers [(p;),r(p;) determine the optimal pooling interval for the optimal
communication strategies. Step 10 above implies that these bounds are then unique for any

pt € [p,1). This concludes the proof of the theorem. d

A.3 Proofs for Section@

In this section, we prove the results for the infinite-horizon model with cheap talk. We use
“cheap talk equilibrium” to refer to “stationary MPE with Cheap Talk”. Before we proceed with the
proofs, note that Lemma [3| applies to cheap talk equilibria as well. The notions of V (pi11 | pt, bt),
VH(p), VE(p;) are well defined, although numerically they can be different from the respective

value functions for the commitment case.

Lemma 8. Fiz any cheap talk equilibrium. Suppose that for some p, € [p,1), there exist
m!/,m" € E(py) such that p;y = q(m/|p:) < q(m”|ps) = p . Then one of the following must
hold:

1. VH(PQH) = VH(Z)Q/H) and VL(pQH) = VL(PQIH);

2. V(piy) < VE) and VE(pi) > VEDL).
Proof. By contradiction, if Vp(p;,,) < Vo(p{,;) for both 6, then for any b;: V(m' | py,b) <
V(m” | pt,bt), so sending message m’ can never be optimal. Hence m’ ¢ M(p;) — a contradiction.
Analogously, it cannot be that Vy(p; ;) > Va(pi,,) for both 6. To complete the proof, we are left
to rule out the case V(p,, ;) > VH(p/ ) and VL (p,, ;) < VE(p!,1). Again, assume, by way of

contradiction, that this is the case. Since m’,m” € E(p;), there exist b, 0" € [0, 1], for which sending

m’ and m” respectively is optimal: V(m/ | pg, b)) = V(m" | pt, V') and V. (m/ | pe, b") < V(m” | p, ).
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From Lemmal|it is then immediate that there exists b € (0, 1) such that V(m' | p,b) < V/(m” | pt, b)
for b € [0,b] and V (m/ | p,b) = V(m" | pt, b) for b € [b,1]. But then m’ > b > m”, which contradicts

the assumption that m’ < m”. This concludes the proof. O
Corollary 9. In any cheap talk equilibrium, for any p: € [p,1):

1. VH(pi11) is a (weakly) increasing function of piy1 on [p, 1),

2. VE(pey1) is a (weakly) decreasing function of psy1 on [p,1).
Proof. Follows directly from Lemma 8] O

Further, we will be using the following shorthand notation for the consumers’ optimal

continuation value in private state (pg, by):

V(pe, b)) = max  V(pegr | pr,be).
Pt+1€P(pt)

Lemma 10. In any cheap talk equilibrium, in any public state p; € [p, 1) there exists b(p;) € [0, 1]
such that

1. For all b < b(py), p(m | p,b) > 0 only if m € S(py);
2. For all b > b(p;), p(m | pr,b) > 0 only if m € E(py).

Proof. The case when S(p;) = 0 is equivalent to assuming b(p;) = 0. Therefore, we hereinafter
assume that S(p;) # (. Assume the contrary: there exist 0 < V' < 0" < 1 and ¢ € E(py),
q" € S(pt) such that u(¢'|pt,b’) > 0 and u(q”|pi, b”) > 0. Then V(¢" | pt,b") = V(p, ") = 0 and
V(p, ) =V (¢ | pe, V') 2 V(¢" | pt,b') = 0. At the same time, b’ < b” and representation (7)) from
Lemma [3| implies V (¢’ | pi,b”) > V(¢' | pt,b'), meaning

O - V(pta b//) 2 V(q/ | Dt b//) > V(q, ’ Dty b,) = V(ptv b/) 2 05

which is a contradiction. This argument proves the lemma. O

Lemma 11. In any cheap talk equilibrium, in any public state p; € [p, 1),
1. V(pt+1lpt, p) = 0 for any pr1 € E(p)-
2. If there exists pi11 € E(py) s.t. S(per1) # 0, then V(py, p) > 0,
Proof. We next prove the first part. Representation applies and therefore

V(pts1 | pe.D) = B+ [ﬁ' VH(pi1) + (1= p) - VE(prs1) |- (29)

For any p; denote as p};_H, i = 1,2,... the set of all posteriors that constitute P(p;), and by

we(pi +1|p¢) the measure of the region where i 41 is induced given public belief p; and state 60
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according to ®g(blp;). Without loss, assume that if S(p;) # 0 then S(p:) = {p;.;} and that
posteriors are labeled in the increasing order: pi 1 < piii for all 7. Depending on whether S(p;) = ()
or not (29) expands differently. First, consider the case when S(p;) # (). Then reduces to

V(pty1 | pe,D) = B - [15' (1 —w(pyalpes1)) - (H =)+ (1 = p) - (1 — w"(piyalpesr)) - (L — o)+

peB- Y w(plalprn) - VI (piye) + (1=0)- 8- w (plaslperr) - VF <pz‘+2>} . (30)

122 122

Note that @ (b|p;) first-order stochastically dominates ®7,(b|p;). Therefore, 0 < w! (p} o|pi41) <
w’ (p},o|pi+1) < 1 and thus the sum of the first two terms in is strictly positive. Moreover, by
Corollary [9] we then have

Hy i Hy i L/ i Hy i
E w (Pi+2‘]7t+1) -V (pi+2) > E w (Pi+2|Pt+1) -V (PZ?+2)-
i>2 i>2

V(pe+1 | pt, p) then satisfies

V(pes1 | pe.p) > B [ZwL(pi—f—Q pe1) - (B V(D) + (1=D) - VE(Dl42)) }
i>2
By representation the term in brackets reduces to V(p! 42|pt+1,P). Therefore
V(e | psp) > 8- | 3w (bl alpee) - Vbl alpep)|. (31)
i>2
The case when S(p;) = ) is similar. Equation transforms to
V(per1 | pep) = 8- {13' > (Bl alpern) - VI (phyo) + (1 =) - D w" (0hiolpert) - VE(plya) |-
i>1 i1
Proceeding through the same steps we get
V(e | psp) = 8- | Yo w0l alpee) - Vbl alpep)|. (32)
i>1
We can iterate inequalities for and further. V(py1 | pt, be) is bounded in its absolute value

due to (7)) by M := max{ ?:5, i:g} and the sum of all weights in the RHS in and does not

exceed 1. Therefore for sufficiently many iteration steps the absolute value of the RHS in and

can be made smaller than any positive number. This clearly implies that V (pi11 | pe, p) = 0.
The second part of the lemma follows from the first part and representation because

V(D olpe41,D) = 0. O

Lemma 12. Threshold b(p;) defined in Lemma satisfies b(py) € [0,p]. Further, b(p;) = p if and
only if the experimentation never stops after any m € E(pt).@

26Tt means that S(p-) = 0 for all p,, 7 > t which can be on path of play originating from p;.
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Proof. If experimentation never stops after any p;y1 € E(py), Cp decides whether all future
consumers buy the product or avoid it. The discounted expected utilities in the two cases from
her point of view is then ﬁ - (8(bt) — ¢) and zero, respectively. Therefore, C; sends pi+1 € E(pr)
if and only if 0(b;) > ¢ — equivalently, b; > p, — and stops experimentation otherwise.

It is left to show the converse — that if experimentation can be stopped by some future consumer
then b(p;) < p. Let 7(p;) := min{r > 1| I prr1 € EPt),pesa € EMia1)s- - Ptar € EDrar_1)
S(pt+r) # 0} denote the minimal number of periods that should pass before one of the following
consumers, C7,), has an opportunity to stop experimentation. We show that if 7(pt) < oo, then
V(pt,p) > 0, which is equivalent to b(p;) < p. The previous lemma proves the statement for
7(pt) = 1. We will proceed by induction on 7.

Suppose that induction statement “if 7(p;) = 7 — 1 then V(py, p) > 07 is true for any p; for some
T > 2. To see that it then also holds for 7(p;) = 7, consider the following argument. Let ¢ denote

the public posterior such that ¢ € £(p;) and 7(¢) = 7 — 1 (in case of multiple such posteriors select
arbitrarily). Then because S(q) = ) representation applies, and therefore

V(pe,p) = V(g | pe,p) = B w*(piyala) - V(piisla, p)-

Finally, notice that p} 1o is the minimal posterior induced in public state ¢ and S(q) = 0. Dt 4o 18
induced for all b1 < p and is optimal for b1 = p in particular. Therefore wl(p},,|g) > 0 and

V(ptiala,B) = V(q,p) > 0 by the induction hypothesis. O

Proof of Proposition Suppose the contrary: not every m € M(p;) starts a cascade. Then
by Lemma we have V (pg, p) > 0. Therefore m € M(p¢), which is sent for by = p, is sent for some
by < p as well. Belief consistency then requires that it is sent for some b; > p which finishes the

argument. O

Proof of Theorem Lemma [12[ implies b(p;) < p. Therefore, we can take I(p;) = w €

(b(pt),p). By belief consistency there exist r(p;) > p and message m € M (p;) such that m is sent
for all b, € [I(pe),(pe)]- -
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