Center for
Quantitative
Economics

A comparison of high-frequency realized variance
measures:
Duration- vs. return-based approaches

Bjorn Schulte-Tillmann', Mawuli Segnon, Timo Wiedemann'

105/2023

" Department of Economics, University of Miinster, Germany

wissen.leben
Universitat Miinster




A comparison of high-frequency realized variance
measures:
Duration- vs. return-based approaches

BJORN SCHULTE-TILLMANN 2, MAWULI SEGNON #*, TIMO WIEDEMANN P

& Universitat Minster, Department of Economics (CQE),
Am Stadtgraben 9, /8148 Miinster, Germany
b Universitit Minster, Department of Finance (FCM),
Universitdtsstrafie 14-16, 48148 Miinster, Germany

(Date of this version: February 22, 2024)

Abstract

We study the accuracy of a variety of parametric price duration-based realized variance es-
timators constructed via various financial duration models and compare their forecasting
performance with the performance of various non-parametric return-based realized variance
estimators. Our financial duration models consist of an ACD(1,1), its logarithmic version,
Log-ACD(1,1), and its long-memory version, FIACD(1,1), as well as the Markov-switching
multifractal duration (MSMD) model and the factorial hidden Markov duration (FHMD)
process. In an empirical study using high-frequency data on ten stocks traded on the New
York Stock Exchange (NYSE), our in- and out-of-sample results show that the parametric
price duration-based realized variance (RV) estimators, especially the ACD-based RV estima-
tor, perform better than the non-parametric return-based RV estimators. Furthermore, we
also find that the price duration-based and return-based RV models produce more accurate

and valid Value-at-Risk forecasts than the GARCH(1,1) model.
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1 Introduction

Although 60 years of research have been dedicated to the study of asset price variability, it has
lost none of its appeal for academia and practitioners, due to its ongoing importance for risk
management, derivative pricing and asset allocation. Initially, a lot of attention was devoted
to the development of parametric approaches to volatility modeling. The incorporation of
the stylized facts of financial return time series data, such as volatility clustering, leverage,
fat tails, jumps, long memory etc., has led to an abundance of GARCH-type and stochastic
volatility (SV) models, see Zaharieva et al. (2020) and the references therein for a recent
overview.

Owing to the advent of high-frequency data, the focus for the measurement of asset price
variability has been shifted from parametric to non-parametric methods during the last two
decades. The first model-free approaches of daily variance estimators utilizing high-frequency
intra-day return data, date back to the seminal works of Andersen et al. (2001a, 2001b),
and Barndorff-Nielsen and Shephard (2002a, 2002b). They established a realized variance
(RV) estimator to obtain a consistent estimate of an asset’s integrated variance. However,
exploiting the entire record of observations induces a severe bias in the proposed RV estimator,
when the price process is distorted by market microstructure noise (cf., inter alia, Hansen
and Lunde, 2006; Bandi and Russell, 2008). As a consequence, a variety of modifications and
refinements have been subsequently proposed to handle the contamination of the observed
(transaction) prices due to market imperfections. The subsampling technique of Zhang et
al. (2005) seeks to increase the sample size without increasing the sampling frequency, by
combining realized variance estimates that are computed using different sparse subsamples
of the same time scale. Zhang et al. (2005) and Zhang (2006) apply this idea to subsamples
of different time scales, which leads to the two-scale and multi-scale RV estimators. Another
way to construct a consistent estimator can be achieved by weighting the original returns, e.g.
by employing kernel functions as in Barndorff-Nielsen et al. (2008), or by pre-averaging the
returns as in Podolskij and Vetter (2009), Jacod et al. (2009) and Christensen et al. (2014).
The (jump-robust) realized bipower variation estimator of Barndorff-Nielsen and Shephard
(2006) is a further remarkable contribution to this field. For a more comprehensive review
on RV estimators, see the extensive study of Liu et al. (2015).

The fact that high-frequency data has become omnipresent has also fuelled the emergence



of another research area. The last two decades have witnessed a huge effort devoted to
modeling high-frequency financial duration data, i.e. the time that has passed between two
financial events. The vast majority of studies focus on price durations, which are defined as
the time required for a (cumulative) change in the price beyond a pre-specified threshold.
The reasoning is twofold: (i) to test some market microstructure theories and to understand
the abundance of issues related to trading and price-adjustment processes (cf. surveys of
Madhavan, 2000; Biais et al., 2005; Hasbrouck, 2007) and (ii) because modeling financial
durations may help in accurately predicting instantaneous volatility, which is highly beneficial
to measuring and managing intra-day exposure to risk (cf., inter alia, Giot 2005; Dionne et
al., 2009; Liu and Tse, 2015).

Inspired by the GARCH model, Engle and Russell (1998) first propose an autoregressive
conditional duration (ACD) model for analyzing financial durations. Analogously to the
development of the GARCH model family, various extensions of the standard ACD model
have been introduced in the literature in order to appropriately reproduce the stylized facts
of financial durations, see Pacurar (2008) for a detailed literature review on ACD models.

Moreover, the pioneering work of Engle and Russell (1998) can also be regarded as the
starting point that unifies the modeling of (price) durations with the concept of realized
variance. Based on their established linkage between the conditional hazard function and
instantaneous volatility Tse and Yang (2012) and Hong et al. (2023) introduce a paramet-
ric price duration-based approach to estimate the intra-day variance. Their duration-based
method offers two advantages over the return-based approaches: (i) as noted by Andersen
et al. (2009) it exhibits robustness to jumps and market microstructure noise and (ii) uti-
lizes the data more efficiently. When constructing price duration data, sampling occurs more
frequently in turmoil periods (with many price changes) than in tranquil periods (with few
price changes), whereas the sampling mechanism for intra-day returns completely ignores
current market dynamics and only records prices in fixed time intervals. Hence, the sampling
of price duration can extract the data’s informational content more efficiently and preserves
the irregular spacing feature of the raw data qua construction.

Despite the promising results of the price duration-based approaches, the current state
of the literature is still at an early stage. It lacks a systematic comparison of the impact

of different modeling frameworks governing the (price) durations, sampling methods and



distributional assumptions. To this end, our paper seeks to close this gap, and considers
different model setups and investigates their impact on estimation accuracy and forecasting
performance for daily variance.

For our study, we employ the Markov-switching multifractal duration (MSMD) process.
The successful application of the Markov-switching multifractal (MSM) model of Calvet and
Fisher (2004) in modeling and forecasting financial market volatility motivated both Chen
et al. (2013) and Zikes et al. (2017) to adapt the model to the duration setting. The MSMD
model can reproduce, by its very principle of construction, short- and long-memory as ob-
served in financial duration data.

Recently, Schulte-Tillmann and Segnon (2024) applied the factorial hidden Markov volatil-
ity (FHMYV) process of Augustyniak et al. (2019) to the framework of durations. The resulting
factorial hidden Markov duration (FHMD) model can be regarded as a viable alternative to
the MSMD process and traditional ACD-type models. By design it possesses a very flex-
ible autocorrelation structure capable of reproducing a wide range of persistence observed
in financial duration data. Moreover, it also embeds a jump component and more versatile
support than the MSMD process, and can thus generate richer dynamics. The hierarchical
structure of the latent components in the FHMD process may enable the model to repro-
duce self-similarity properties observed in financial durations. The presence of self-similarity
in financial durations suggests that the information flow arrives in the markets not only in
clusters, but also in cascades. This is in line with the conjecture of heterogeneous market
participants who act on different time scales, and have limited attention.

To complete our set of competitor models we consider the ACD(1,1) process (Engle and
Russell, 1998) as the benchmark model, its logarithmic version, the Log-ACD(1,1) model
(Bauwens and Giot, 2000) and the FIACD(1,1) process (Jasiak, 1999) as a genuine long-
memory model.

We apply the models to price durations of ten actively traded stocks on the New York
Stock Exchange (NYSE) to conduct an in-sample and an out-of-sample analysis. Moreover,
we also compare their performance with those of well-established RV estimators. In an
application to forecast the stocks’ Value-at-Risk (VaR) for a holding period of one day ahead,
we find that predictions based on intra-day duration data are superior compared to those that

rely on daily and intra-day return data.



The rest of this paper is organized as follows. Section 2 presents the theoretical framework
of price duration-based variance estimation, describes the duration models and the different

RV estimators. Section 3 discusses the empirical application and Section 4 concludes.

2 Theoretical foundation

We consider an arbitrage-free financial market, in which an asset’s (continuous-time) log-price
process follows a semimartingale (cf. Back, 1991; Delbaen and Schachermayer, 1994) of the
form

dX (t) = p(t)dt + o (£)dW (2), (1)

where W (t) is a standard Brownian motion, u(t) is a continuous drift process with locally
bounded variation and o(t) denotes a Cadlag volatility process. The riskiness of such an

asset over the time span [0,t] can be reflected by its integrated variance,

IVt:/O o?(s)ds. (2)

Starting at the beginning of a trading period, 3, we mark each point in time, at which the
absolute cumulative price change exceeds a certain threshold, ¢, by t1 <o < ... <iy. As a
result, we obtain the strictly increasing sequence of hitting times {¢;};—o,_. n. Moreover, we
denote the associated total number of hitting events up to time ¢t by N;. In our analysis, we
concentrate on the time difference between consecutive arrivals, and refer to them as price

durations, d; = t; — t;_1, to infer the integrated variance, our objective of interest.

2.1 Financial duration models

In general, financial durations, d;, can be modeled as
di = ¢i6i, 1€ Z, (3)

where {¢;} is a sequence of independent and identically distributed (i.7.d.) unit-mean inno-
vations with positive support. We then present various processes that model the dynamics

of {¢;} in different ways. However, all models are estimated by maximum likelihood.



2.2 Autoregressive conditional duration (ACD) models

2.2.1 ACD(1,1) model

In the ACD(1,1) framework proposed by Engle and Russell (1998), the conditional duration
process is given by

Vi = w+ ondi—1 + frpi—a. (4)

The conditional duration, ;, follows an autoregressive process & la GARCH. To ensure the
stationarity and positivity of the conditional duration, the parameters in the model have to

satisfy w > 0, 1,81 > 0 and a3 + 1 < 1.
2.2.2 Log-ACD(1,1) model

To avoid the non-negativity restrictions in the original ACD model and to provide more
flexibility, Bauwens and Giot (2000) propose the Log-ACD specification that models the

conditional duration, v;, as follows:
i =w+ agi—1 + Bpi-1, (5)

where ¢; is the logarithm of the conditional duration, i.e. ©; = exp(¢y;). This specification is

known in the literature as the Log-ACD model of type 2 (Hautsch, 2012).

2.2.3 Fractionally integrated ACD(1,d, 1) model

In order to accurately reproduce the long-range dependence that characterizes the auto-
correlation function of financial duration data, Jasiak (1999) proposes the FIACD(1,d, 1)

framework that expresses the conditional duration as

pi=wl =B+ 1= (1= /L) (- L) (- 1)) 4y
=w + B(L)di,

(6)

where ¢y = aq + f1, B(L) = biL +bl? + ... =1— (1 - L)' (1 —¢L) (1 — L) is a lag
polynomial of infinite order with by >0, k =1,2,... and w = w (1 — ﬁlL)fl > 0.



The parameters, b, can be expressed as

by =¢1— 1 +d

by = (d— B1)(B1 — ¢1) + it —d)

2

k—1—d
by, = B1bg—1 + <k - ¢1> Tdk—1,

where mq = mgp—1(k—1—d)k~! for k = 2,3,.... Note that 4 represents the terms of the

expansion of (1 — L)%, which can be expressed as

ma(L) = Z?Td,kLk- (8)
k=0

To ensure positivity of the conditional durations in the FIACD(1,d, 1) framework, the pa-
rameters ¢1, S1 and d must fulfill the following conditions, see Bollerslev and Mikkelsen
(1996):

51—d§¢1§¥, d<¢1—1;d>§51(d—51+¢1)- (9)

As stressed in Jasiak (1999), the FIACD(1,d, 1) can easily be estimated via the maximum
likelihood method by choosing a suitable truncation point that we set to 1,000 in our empirical

study.

Remark. The necessary and sufficient conditions for the covariance stationarity of the
ACD(1,1) are provided in Engle and Russell (1998). Furthermore, ergodicity, mizing and
the existence of moments are discussed in detail in Meitz and Saikkonen (2011). We note
that the FIACD(1,d,1) is not covariance stationary, but strictly stationary, see Jasiak (1999).
We refer the reader to Conrad and Haag (2006) for less restrictive positivity conditions than
those provided in Eq. (9).

2.3 Hidden Markov duration (HMD) models
2.3.1 MSMD model

The adaption of the MSM stochastic volatility model of Calvet and Fisher (2001, 2004) to
the duration setting has been proposed independently by Chen et al. (2013) and Zikes et
al. (2017). In the resulting MSMD framework, the price durations are defined as in Eq. (3).



More specifically, the process {¢;} is latent and composed of k, independent components,

Vi(j ), j=1,..., ky, that are multiplicatively connected and scaled with factor 1, i.e.
— kv .
vi=o [V (10)
j=1

The dynamics of the process result from the renewal mechanism underlying the components.

)

At time ¢, each component, Vi(j , is either renewed with probability «; or remains unchanged
at its previous value with probability (1 — ;). In the event of a renewal, a new value from
a discrete distribution V' with support {vg,2 — v}, where vy € (1,2), is drawn with equal
probability. Hence, each component is a unit-mean, two-state Markov chain that can be

characterized by
Vl(_j)l, with prob. 1 —;,
Vi(j) = < Vg, with prob. 0.5v;, (11)
2 — g, with prob. 0.5v;

with corresponding transition probability matrix

o 1-— 0.5’}/]' 0.5’)/]'
P] - < 0.5”)/]' 1-— 0.5’)/j ' (12)

The parametrization of the transition probability,

j—1
p=1=1=)", (13)

where 4, € (0,1) and b > 1 for j = 1,...,k,, leads to a multiplier renewal with different

frequencies.

2.3.2 FHMD model

In the FHMD framework of Schulte-Tillmann and Segnon (2024), the process {i;} is also
latent and can be formalized as a product of several independent processes, {M;} and {CZ-(j )},

ji=1,... k., ie.
i =M (oo [] | (14)
Apart from the parameter 1, which also serves as a scaling factor as in the MSMD model, the

structure of the other components, differ. The process {M;} is a sequence of i.i.d. discrete

random variables satisfying E(M;) = 1 and each process {Ci(j )}, j=1,..., k. is a Markov



chain with unique support, that is supp(Ci(j )) = {c¢;,1}. The recursive definition of the
outcome cy,

cj=14+600"e1 - 1), j=2,... k, (15)
where ¢; > 1 and 6. € (0, 1), implies a hierarchical structure in the individual supports, such
that ¢; > ¢ > ... > ¢, > 1. In contrast to the MSMD model, the switching behavior for all
two-state Markov chains, {Ci(j )}, is governed by the same transition probability matrix,

P:<p 1_6, (16)

1-p p

where p € (0,1). Moreover, by setting ¢cp = 1/E (H?; CZ-(j)), we ensure that E (CO H?‘;l C’i(j))
1. To facilitate maximum likelihood estimation of this hidden Markov model, we stack the

single components into the state vector C; = (Ci(l), ceey Ci(kc)) with state space
Ac ={c1,1} x {eg, 1} x -+ x {cg,, 1} (17)

The component {M;} follows an i.i.d. discrete random process with probability function

Pr(Mi = 1my ml) =

kpy — 1)1 fi =1,...,kn—1,
{Q( ) 9 or 1 Y Y , (18)

1-—gq, for 1=k,

where ¢ € (0,1), m; = 1+ 0571 (my — 1) with my > 1, mg,, = 1 and 6, € (0,1) fori =
2,...,kyn — 1. Analogous to the above definition, the recursive specification implies a hier-
archical structure in the magnitude of the possible outcomes by mi > ma > ... > my, =1

-1
. —1)(1-opt . o .
and setting mg = [1 + q(nﬁzsz)g)(liem) ) , results in the normalization of the distribution

of the component, such that E(M;) = 1. Accordingly, the process {M;} is non-persistent and
takes on values of the finite state space Ay; = {momy, mgma, ..., mogmy,, }, which enables it
to capture abrupt spikes in the durations.

Combining the Markov chain {C;} and the process {M;} leads to the overall state vector
{{/;L} with state space A 7= Ac ® Apr. Due to the distinct support of each component
{Ci(j ) } and the additional jump component, the FHMD framework is capable of reflecting
richer dynamics than the MSMD model (cf. Section 2.2 in Schulte-Tillmann and Segnon,
2024).

Throughout this article, we let the innovations follow a Burr distribution to ensure a



flexible shape of the conditional intensity function or the standard exponential distribution
as the baseline specification. Following the notation of Hautsch (2012), the Burr probability

density function and cumulative density function are given by

FlelAn,a) = % (;)H [1 . (;)a]mnl) L e>0A>0,a>0,7>0 (19

and

-1

F(elA\,n,a) =1— [1—1—17(;) }777 . (20)

Note that the Burr distribution nests the Weibull distribution for n — 0, and by additionally

stipulating that a = 1, it also nests the exponential distribution. We set
A\ = n1+a*1 -B(1+ R a—l)—l7

to scale the mean of the innovations to unity.!

2.4 Price duration-based estimation of variance

Of central importance for the inference of intra-day variance from the domain of price du-
rations is the conditional intensity function. It represents the probability of a price event at
time ¢ > ¢;_1 given the price event has not occurred before time ¢ and the information set
available up to arrival time ¢;_1, denoted by F;_1:

f(d|Fi1)

R e C )

(21)

where d = t—t;_1 and f(-) and F(-) denote the density and cumulative distribution function,
respectively. According to Engle and Russell (1998), the conditional intensity function (or
equivalently, the conditional hazard function) can be linked to the conditional instantaneous

variance by
L

2
170 = (5 ) M), 22

i—1
where P;_; denotes the asset’s price at time ¢;,_1. Building on this work, Tse and Yang (2012)

and Hong et al. (2023) provide the foundation for non-parametric as well as parametric price

B(-,+) denotes the Beta function, i.e. B(z,y) = FF(@ES’)) Moreover, we assume a > 7 to ensure the existence
of the first moment.



duration-based estimators. By integrating over the interval (¢;,_1,t;), we obtain an estimator
of the integrated variance. However, we are generally interested in the integrated variance
over a specific time interval [tg, ], which represents a trading day, an hour etc. Hence, we

aggregate the single integrals as follows
IV, = Z/tt 2(t| Fiz1)
1
_ i < ‘ >2/ti At — ti1|Fio1)dt
P tiiq

1=1

In (1 — F(d;|F; 1))
— 2 e
o Z P2 (23)

=1
Given Eq. non-parametric and parametric approaches can be employed for the estimation
of the integrated variance. As Hong et al. (2023) demonstrate, replacing the summands in

Eq. by their expectations leads to a non-parametric variance estimator (NPDV), which

L1>2. (24)

N
NPDV:Z;(PZ

is given by

Our focus, though, is on the parametric approach. We employ the models described in
Sections [2.2] and [2.3] in order to obtain parametric price duration-based variance estimators

(PDV).
2.5 HMD-based variance estimator

Since Tse and Yang (2012) and Hong et al. (2023) show how price duration-based variance
estimators can be obtained based on ACD-type models, we concentrate on hidden Markov
model frameworks. To this end, let f (dm@-, Fi—1) denote the conditional density given state
Ji and information set F;_1.2 Then, we obtain f(d;|F;_1) by integrating out the states from
the joint density, f(d;, Ji|}},1), as follows

FdilFia) = > fdildi, Fooa) f (il Ficn). (25)

%eAw

2 For the sake of generality, let 1;1 also denote the state vector in the MSMD model.

10



As a consequence, the corresponding cumulative probability function is given by

d;
F(d;|Fi-1) Z/ f (| Fiz1)du;

:/ > F (il s, Fimr) (i Fimr ) du

%EA

= Z f¢l|"rl 1 / fuzw)za i— l)duz (26)

wz€A~

Given that the innovations are Burr distributed, the conditional intensity function, A(d;|F;—1),

becomes

(1407

Siiea, Eelan) - (Setan) [1+0 (L 77)” J (@i Fi)

Adi|Fi 1) = o
Ygea, (140 (e@n)) " £@IF)

9

(27)
where c(a,n) = B(1+a t,n7t —a™1). 177(1“1_1).3 For standard exponentially distributed

innovations, the conditional intensity function simplifies to

Siea, #oxp () FOIF)
S jea, o (=) £ Fi)

AMdi|Fi-1) = (28)

Combining Egs. and then results in the parametric price duration-based variance

estimator:

—1

N , -1 -1 _ —1\\ %\ 7 _
PDVyump-gur = —? Zln Z <1 + (ZZ ) = (1 AR ¢ )> ) f(wl’]:lfl) /Pz2—1

- ~ n
=1 i _
v zﬁzeAw

(29)
We receive the conditional density function f (1;1|}"Z,1) as a by-product of the maximum
likelihood estimation process, which is described thoroughly in Schulte-Tillmann and Segnon

(2024). Moreover, note that we obtain the price duration-based variance estimator with an

3 Note that 1; is completely determined by the state variable {/;Z

11



underlying exponential distribution as a special case, when 7 — 0 and a = 1:

N
PDViup.prp = —1° Zln Z exp <—di> f@bi|Fin) | /P2 (30)

2 b
v TﬁiEA@
2.6 Review of RV methods

Before we briefly review selected non-parametric and return-based estimation approaches,
we introduce some notation. The entire record of observed (log-)transaction prices on a
trading day is given by {X3,, X3,,..., X, }. Employing the complete set of returns, though,
will severely distort the estimation due to microstructure noise. Thus, we consider a sparse

sample { Xz, X¢, 0, Xegns--- ’Xt(nA Xt”AA} with reduced sample size na, that we obtain

—1)A?

by sampling with interval A.
The basic RV estimator is then defined by

na na
RV = Z(Xtm - Xt(i—l)A)z = Z@m' (31)
=1 =1

In our empirical application, we use a sampling interval of 5 minutes. However, by doing
so, we discard large quantities of data. A straightforward strategy for making use of more
observations without being exposed to severe estimation bias is the subsampling technique
proposed by Zhang et al. (2005). To illustrate the idea, suppose that the entire grid of
observation times is given by G = {to,...,t,}. By partitioning the original grid into Ka
subsamples, G*2) for ka = 1,..., Ka, with sampling interval A, we can compute the realized

variance for each subsample

RVES) = N 2, (32)
t;egka)
Note that all subsamples share the same sampling interval, i.e. they exhibit the same time

scale, but the subsamples differ in their starting point, so that they are non-overlapping. By

taking the average, we obtain the subsampled version of the basic realized variance estimator
1 A
A_ b (ka)
RVS = 7= kzl Rv(ka), (33)
A=

The above proposed estimator, however, only reduces the distortion induced by mi-

crostructure noise, but does not eliminate the bias. Following Zhang et al. (2005), a bias-

12



corrected version can be obtained by combining two different time scales of the basic realized
variance estimator which is computed on the basis of all observations and its subsampled

version,
n 1A a
K _
TSRVA = RVSAS — TARV’ where Ky = K7A kg : Nka and RV = E 1 T’i. (34)
A= 1=

As recommended by the authors, we sample the price process every 5 seconds in our appli-
cation.

Zhang’s (2006) generalization of this approach to multiple time scales (i.e. utilizing dif-
ferent sampling time intervals A; for ¢ = 1,..., M) yields a more efficient estimator, which

is also unbiased in the presence of microstructure noise, that is

M
1
MSRV =Y " a;RVF4 4 —RV, (35)
i=1 n
where the weights «; are appropriately chosen.

Barndorff-Nielsen et al. (2008) propose the realized kernel estimator, which is defined as

H
RK =10+ k <h;ll> (Yh + 7=1), (36)
he1

where k(x) for x € [0, 1] represents a weighting function and the h-th realized autocovariance

can be computed by

Yh = i r,rt,_, for h € Z and |h| < H. (37)
i=|h|+1

We employ several weighting functions: (i) the Parzen kernel, (ii) the cubic kernel, (iii) the
Bartlett kernel and (iv) the (modified) Turkey-Hanning kernel (abbreviated by ’th2’). The
optimal bandwidth length H is chosen according to Barndorff-Nielsen et al. (2009). Moreover,
we follow their recommendation to use a high sampling frequency by setting the sampling

interval to 5 seconds.
Building on the pre-averaging concept of Podolskij and Vetter (2009) and Jacod et
al. (2009), Christensen et al. (2014) develop a noise-robust realized variance estimator. The

pre-averaging of the observed prices in their local neighbourhood of L observations reduces

13



the impact of the noise. The returns based on pre-averaged (log-)prices are given by

L/2—1

L—1

1

RS SEE SN @
j=L/2 §=0

where L = 6y/n has to be even. Following Christensen et al.’s (2014) empirical application,

we set # = 1 and employ their noise-robust realized variance estimator

N—-L+1

RVpa =C. Y PP+, (39)
1=0

- L 12 1 12 N * % . .
where (7, = RT3 T2 and v = =5 P2 Yo, T{ T, Serves as a bias-correction.

Finally, we consider the realized bipower variation estimator of Barndorff-Nielsen and

Shephard (2006)

n—1

T
BPV = 3 Z Pt |7 |- (40)
i=1

Note that we apply Sheppard’s Matlab toolbox ’Ozford Realized’ to compute all return-based

measures. 4

3 Empirical analysis

3.1 Data description and adjustment

We apply the parametric as well as the non-parametric approaches described in Sections [2.5
and for the estimation of daily variance for ten actively traded stocks. We investigate
the returns and price durations of Apple (AAPL), Bank of America (BAC), The Walt Disney
Company (DIS), Evergy Inc (EVRG), Facebook (FB), General Electric (GE), International
Business Machines (IBM), Pfizer (PFE), Tesla, Inc. (TSLA) and Walmart (WMT). For each
stock, except FB and TSLA, we extract the data for the time period from January 03, 2007 to
December 31, 2019, spanning 3272 trading days, from the Trade and Quote (TAQ) database.
Owing to later initial public offerings we base our analysis on data beginning on May 18, 2012
for FB and on June 29, 2010 for TSLA, covering 1917 and 2394 trading days, respectively.
The TAQ database is inevitably prone to market microstructure and thus requires a certain

amount of cleaning. Our data cleaning steps are described in the Appendix. Generally, we

* See https://www.kevinsheppard.com/code/matlab/mfe-toolbox/ for further information.

14



concentrate on trades that occurred between 9:30 and 16:00 and resample the trade data to
a second by second frequency, taking volume-weighted price averages within one second.

We define the price duration for each stock as the minimal time required to observe a
cumulative change in the price not less than the threshold ¢. Since no uniform method for
determining the threshold parameter has yet been established in the literature, we follow two
approaches to find an appropriate threshold. Firstly, in line with Tse and Yang (2012), we
aim to set the value for the daily threshold, such that we obtain an average price duration
of 5 minutes. To this end, we define a fine grid of threshold values and choose the threshold
that leads to an average duration that comes closest to our target. Secondly, akin to Hong et
al. (2023), we define the threshold parameter as the average daily bid/ask-spread multiplied
by a factor lying within the range of 3 to 10. In both approaches, we discard all overnight
durations following Engle and Russell (1998).

The intensity of trading activities on financial markets changes over the course of a trading
day. Typically, the average duration is short at the market open and close, and comparatively
longer in between. At the beginning of a day, trading activities are very high due to new
events that have occurred during the night (macroeconomic or firm-related news that have
become public after the previous market close). At the end of a day, traders tend to close
their positions to reduce their exposure to overnight stock market risk.> These systematic
variations are responsible for the pronounced diurnal seasonality observed in high-frequency
financial duration data. However, since these variations are predetermined by market char-
acteristics, we remove the intra-day seasonality component, so that we are able to apply
our parametric estimation approaches to the stochastic part of the data. Some studies, like
Rodriguez-Poo et al. (2008), directly incorporate the deterministic part in their modelling
approach. But as Engle (2000) notes, this procedure does not yield substantial efficiency
gains relative to a two-stage adjustment process. Hence, most studies opt for the latter, that
is, a prior adjustment of the data. To this end, a variety of adjustment methods have been
proposed in the literature (cf. Engle and Russell, 1998; Wu, 2012; Hong et al., 2023; among
others, for different adjustment methods). Since Tse and Dong (2014) find that the diurnal

adjustment does not have a huge impact on the daily volatility estimation, we follow the

Besides this so-called time-of-the-day-effect, early studies based on duration data from the nineties or the start
of the new millennium, like inter alia Engle and Russell (1998) and Bauwens et al. (2004), document a distinct
day-of-the-week effect, which does not seem to be present in our data.
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robust and simple-to-implement dummy-adjustment approach of Ghysels et al. (2004)°:
We split the 6.5-hour trading time per day into 13 intervals of 30 minutes. Then, we

construct an indicator variable

1 ifiek
_ ’ 41
Yk {O otherwise (1)
for each 30-minute interval k = 1,...,13 and perform a logarithmic dummy variable regres-
sion
13
In(D;) = > anyi + ui, (42)
k=1

where D; represents the raw duration data. Finally, we eliminate the time-of-the-day effect

and obtain the adjusted durations by
d; = Djexp (—d&'y;) (43)

where & = (&, ...,d&13)" and y; = (Y14, ..., 913:)’. In line with the aforementioned literature,
our durations exhibit a hump-shaped pattern over a trading day. As Figure [I] illustrates, the
increase in trading activity at the end of a day is not as distinct as at the beginning of the
day.” Table || reveals that all stocks exhibit overdispersion, right skewness and heavy tails,
irrespective of the method used to obtain the raw duration data (5 min. or spread-based).
However, the data sets differ in many respects. The mean duration ranges from almost 2
(FB) to more than 12 minutes (PFE) for the spread-based data, whereas for the other data
set, the average time for a price event is close to 5 minutes as desired. We also find that
the degree of overdispersion, skewness and kurtosis is always substantially higher for the
spread-based data. The data adjustment process leads to a small attenuation of the degree
of overdispersion, but to an amplification of the other two characteristics for both data sets
in most of the cases. Hence, we ascertain that the method used to determine the threshold

parameter has a great impact on the received price duration data.

‘ Figure [T about here

Note that we also apply Nadaraya-Watson kernel regressions and spline functions to remove the diurnal
pattern, but we often observe negative durations and sharp declines in the degree of dispersion, and therefore
prefer the robust dummy-adjustment approach.

We refrain from displaying the analogous figure for the spread data, since the seasonality pattern is qualitatively
similar.
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’ Table [l about here

3.2 In-sample analysis

In our in-sample analysis, we estimate the daily variance of all ten stocks over the whole
sample period using all previously presented estimators. Figure [2] shows the annualized
volatility of IBM for an illustrative set of RV estimators (PDVEiy, 4, TSRV and RVo™"),
The trajectories follow each other quite closely, and for all estimates, the volatility peaks

during the financial crisis, but, the estimates often differ in their volatility level.

‘ Figure [2| about here ‘

The general tendency, however, that estimates keep close track of each other is also confirmed
for the remaining estimates by the correlation heat map in Figure 3| in which we display the
correlation coefficients between all realized variance estimates for IBM. In comparison to
earlier studies (cf. Patton and Sheppard, 2009), which rely on older high-frequency data
(1996-2008), we find a higher overall level of correlation.

‘ Figure [3] about here ‘

We refrain from presenting the results for other stocks, as the outcomes are qualitatively
similar.

Our next step is to evaluate the estimation accuracy of all presented RV estimators. In
contrast to Tse and Yang (2012) and Hong et al. (2023), who assess the accuracy of their
newly introduced price duration-based estimators in the context of a simulation study, we
compare their estimation accuracy in a real-world application. We overcome the problem that
the object of interest is not observable, not even ex post, by applying the data-based ranking
methodology of Patton (2011a). The approach requires an unbiased, but not necessarily
precise proxy for the integrated variance. However, since the proxy and the estimators share
the same data basis, the estimation errors are likely to be correlated. Therefore, Patton
(2011a) recommends employing a one-day lead of the proxy as an instrument to break the
correlation.

We measure the estimation accuracy using two well-established loss functions, the root
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mean squared error (RMSE),

T
1
RMSE = | - ;(et — M;4)?, (44)

and the quasi-likelihood (QLike), that is defined by

1<~/ 0 0
. _ T t o t o
QLike = — > ( » In ( n ,i7t> 1) : (45)

t=1

where 6; displays the instrument at day ¢, and M;; denotes the i-th RV estimator at day ¢.
This setup enables us to obtain a consistent estimate of the difference in accuracy between two
competing estimators, so that an iterative testing procedure, such as the model confidence
set approach of Hansen et al. (2011) can be applied.

In our in-sample analysis, we estimate the parameters underlying the parametric ap-
proaches on a monthly basis, and use the one-day lead of the 5-min RV estimator as an
instrument. In Table [2] we report the values for the RMSE and QLike criteria for all stocks,
and mark estimators that belong to the 75%-model confidence set. Depending on the con-
sidered loss function, the results differ substantially. In general, the sets of surviving models
under the RMSE loss function are less sparse than the model confidence sets under the QLike
criterion. The final sets are also found to be different in terms of their composition. Thus, for
the RMSE loss function, parametric approaches outweigh the model confidence sets, which is
evident from the fact that the estimates of daily volatility based on the ACD(-Burr) model
using spread data are always part of the model confidence sets for all stocks. Additionally,
the FHMD-Burr, as well as the MSMD-Burr model also relying on spread data are included
in seven out of ten cases, whereas the most successful return-based approaches (BPV5™" and
BPV:™1) only appear in three model confidence sets. The good performance of the para-
metric price duration-based estimators is also reflected in the smallest average losses across
all stocks. With 4.58 x 107* the ACD-Burr (spread data) has the lowest mean loss across
all stocks, closely followed by the FHMD-Burr model (spread data) with an average loss of
4.63 x 1074

However, under the QLike criterion, the composition of the model confidence sets changes.

The two-scale realized variance estimator (TSRV5:) clearly prevails in this situation, since it
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is part of the surviving set for eight stocks and also exhibits the smallest average loss across
all stocks at 0.19. The FHMD-Burr model on spread data appears second most frequently in
the model confidence sets and also has the fourth lowest average loss at 0.20. Interestingly,
the performance of the two-scale realized variance estimator in terms of the QLike criterion
is in stark contrast to its performance under the RMSE loss function, where it is only present
in two model confidence sets and has the fourth highest average RMSE-loss across all stocks.

Another noteworthy finding is that the performance of price duration-based estimators is

in general better, when they are based on spread data instead of 5-min data.

| Table B about here |

3.3 Out-of-sample analysis

Next, we investigate whether accurate estimates translate into precise forecasts. In order to
construct individual variance forecasts for each estimator, we need to employ a time series
model that reflects the dynamics of the IV estimates. Owing to the strong persistence of the
RV measures, we base our predictions on the heterogeneous autoregressive (HAR) model of

Corsi (2009), that accommodates the long-memory feature of realized variance:

4 21
1 1
Orin = Boin + BrinMis + ﬁz,z,hg lEO M+ 53,1',11*22 ZEO M+ uig. (46)

We estimate the HAR model based on a rolling window of the 500 most recent observations
for three forecast horizons, h = 1,5, 22, that represent forecasts one day/week/month ahead.
Despite the documented bias in the estimated coefficients of the HAR model in the presence of
measurement errors in RV, we do not address this issue directly, unlike Bollerslev et al. (2016)
with their HARQ model, but employ a weighted least squares (WLS) estimation technique
proposed by Clements and Preve (2021) to overcome this deficiency. In contrast to the usual
OLS, WLS places less weight on observations, for which the errors are likely to be large,
leading to more efficient estimators. Clements and Preve (2021) provide evidence by means
of a large-scale out-of-sample forecasting study that the HAR model estimated with WLS
exhibits higher predictive accuracy than current state-of-the-art models or extensions of the
original model, like e.g. the HARQ model (Bollerslev et al., 2016) or the Leverage HAR model

(Corsi and Reno, 2012). Again, we employ the 5-min RV estimates as the variance proxy
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and use the RMSE and QLike criteria to assess the forecast performance following Patton
(2011b). To rule out any look-ahead bias, we estimate the duration-based models day-by-day
using the 21 most recent days of intra-day observations.

We display the relative forecasting performance compared to the 5-min RV estimator for
each stock in Tables [5| - Analogously to the in-sample analysis, we mark the models
belonging to the 75% model confidence sets. In Table we summarize the results and
report how often a particular model is part of the final surviving set. Across all stocks
and for each forecasting horizon, the parametric duration estimator PDV%5,, exhibits the
highest precision in terms of the RMSE and QLike criteria in most cases (cf. Tables [5|- .
Especially in terms of the QLike criterion, we find large improvements up to 12% compared
to the benchmark model RV®™™* (cf. Table . This is also reflected in the highest number of
inclusions in the model confidence sets. In 58 out of 60 cases, the PDV32i,, belongs to the
final set. The best return-based method, the BPV;'):ig‘b, follows at a wide gap with only 30
inclusions. The other duration-based approaches also do not appear frequently in the model
confidence set, e.g. the PDV?‘;{E/E‘S_BM,% has a total of 30 inclusions. In general, we find that
the forecasting performance of the parametric price duration-based approaches hinges on the
specification underlying the PDV. Moreover, the accuracy of all parametric duration methods

is once again higher when they are based on spread-data instead of 5-min data.

’ Table Bl about here

3.4 Value-at-Risk forecasting

Since the introduction by the first pillar of the Basel 2 Accord of the Value-at-Risk (VaR)
as the leading market risk measure, it has become pivotal for any bank’s minimum capital
requirements. Due to its importance, several different methods have been proposed to forecast
VaR as accurately as possible, see Nieto and Ruiz (2016) for a recent survey. The vast majority
of studies relies on daily return data to forecast the VaR. One of the most popular approaches

imputes that the conditional distribution of returns can be described by

Ty = iy + €, € = opuy, where uy ud (0,1). (47)
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Based on this location-scale family setting, the resulting one-step-ahead 100a% VaR, condi-

tional on the information set available at time ¢ — 1, can be computed by
VaRyj, = e + o FLa), (48)

where F'~!(a) displays the a-quantile of the distribution of u;. As a major benefit, this frame-
work offers a wide spectrum of models and distributions that can be employed to represent
the dynamics of the conditional mean, y;, the conditional variance, o7, and the distribution
of the innovation, u;. The simple GARCH(1,1) model (Bollerslev, 1986), coupled with the as-
sumption of a constant conditional mean return, is a common choice among both practitioners
and academics for modelling the conditional variance. Moreover, the Student-t distribution
is often adopted in order to reflect the leptokurtotic nature of the returns. Expressing this
modeling approach in the framework presented in Eq. , we have

Ty = |+ €, € = opuy, where uy ud t,(0,1),
(49)

o7 = Bo+ Proi_y + Baei 1.

However, some recent approaches employ intra-day data in the form of different RV
measures for VaR forecasting with promising results, like inter alia Giot and Laurent (2004),
Clements et al. (2008) or Fuertes and Olmo (2013). Given the success of the parametric
price duration-based approaches in the in-sample as well as in the out-of-sample analysis, we
examine whether the usage of RV measures based on high-frequency duration data can offer
benefits compared to daily and intra-day return data. For incorporating RV measures in the
VaR predictions, we need to have (i) a law of motion for the RV dynamics and (ii) a mapping
between the conditional expectation of the RV measure and the conditional variance of the
returns (cf. Brownless and Gallo, 2010). Most approaches rely on a two-step procedure that
builds, for example, on a HAR or ARFIMA (X) model (cf. Giot and Laurent, 2004; Clements et
al., 2008) in the first instance and relates the conditional RV prediction with the conditional
variance by means of a linear function, which serves as a bias-correcting mechanism, in a
consecutive step. A more novel approach from Maheu and McCurdy (2011) combines the
two steps into one by using a bivariate model. Owing to its success in the closely related

field of return density forecasting, we follow their approach and model the return and the RV
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simultaneously in the following way®

re=pu+e, € = o, where up ~ t,(0,1),
(50)
log(RV¢) = w + ¢1 log(RV;_1) + ¢2log(RVy_55) + ¢3log(RVi_2222) + v4,

where RV,_;; = % g:l RV;_; and v; ~ N(0,1). The authors argue that - under certain
empirically realistic conditions - the conditional expectation of an unbiased RV measure is
equal to the conditional variance of returns, i.e. E,_1(RV;) = Var,_;(r;) = 02. Accordingly,
they establish a linkage between these two measures. Due to the log-normal distribution of

the RV measure in this specification, the connection is given by
o2 = E,_1(RV;) = exp <Et_1 (log(RV,)) + 0.5Var;_1 (log(RV?)) ) (51)

Based on this framework, we employ duration-based as well as return-based RV measures
for our VaR forecasting exercise. In our analysis, we concentrate on the most successful
RV measures from Sections and . Relying on the PDVihivit pur.ar and the PDVIRE,
as duration-based RV measures and on the RV>™", the TSRV as well as the BPVI™}
as return-based benchmarks, we estimate the bivariate model via maximum-likelihood and
project the conditional return variance one-day ahead to obtain a VaR forecast. Doing so for
a rolling window of 500 observations, we obtain a series of 2752 VaR predictions for the time
span December 2008 until December 2019.°

A suitable illustration of our VaR predictions using the RV>™" and PDVipCrg‘fgb measures
as components for the bivariate model for IBM against its returns in Figure [4] reveals that
our forecasts sometimes fail to quantify the maximum loss that will not be exceeded with
95% probability and that the returns occasionally exceed (or ’hit’) the threshold set by the
forecasted VaR. As long as the number of failures (‘hits’) is within the range of expectable
exceedances, the forecasting approach can be regarded as adequate. In Figure [d] we see that
for both approaches, the VaR violations often coincide. Furthermore, the total numbers of
'hits’ (137 and 140 for RV™" and PDVEiis suras, Tespectively) are close to the expected
number of 137.55.

Other options for characterising the dynamics of the log-RV than the HAR model presented above are also
viable and are described by Maheu and McCurdy (2011).
9 For FB and TSLA, the out-of-sample period is reduced.
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‘ Figure [ about here ‘

However, the number of ’hits’ is a very uninformative indicator and does not reflect the
trade-off between the costs of over- and under-prediction (regulatory penalty vs. opportunity
cost of capital). In order to account for these conflicting targets, we compare the forecasting
accuracy on the basis of the asymmetric tick-loss function of Giacomini and Komunjer (2005),
which is given by

TLa (re41, VaRyiap) = <04 — 14, <vare }) (Tt+1 - VaRf‘+1|t> - (52)

t41|¢

For 5%- as well as 1%-VaR forecasts, we present the average tick-loss function values for
each stock in Table[dl For each row, we highlight the best forecast in bold numbers. To test
for the predictive power of the duration-based RV measure stemming from the ACD model,
we conduct pairwise comparisons via the Diebold-Mariano test (1995) in the framework of
Giacomini and White (2006).!1° We display significant outperformance (underperformance)
by *** (Tt1), = (1), and * (1) for the 1%, 5% and 10% significance levels. Apart from our intra-
day based RV measures, we opt for the classic location-scale family approach in combination

with a GARCH(1,1) model as described in Eq. as a benchmark.

| Table @ about here |

According to Table 4] the predictions of future VaR values based on the PDV32i,, mea-
sure perform best in terms of the tick-loss function for almost every stock and confidence
level. In comparison to other forecasts, we find that the PDVi‘Sﬁ‘fddb—based forecasting ap-
proach is significantly better than the other forecasting methods in the vast majority of cases.
In particular, compared to GARCH model-based forecasts, we find highly significant outper-
formance in favour of the duration-based approach. This result also holds for all other VaR
forecasts that rely on high-frequency intra-day data. They furthermore, perform substantially

better than predictions that only employ daily return data (GARCH).

Among all competitors, VaR forecasts utilizing the estimates of the other duration-based

10We note that the asymmetric tick-loss function defined in Eq. is not differentiable due to the presence of
the indicator function. The non-differentiability may cause a problem in the implementation of the Diebold-
Mariano test. However, as pointed out by Granger (1999), the issue is just a technicality, due to the fact that
it is always possible to find a smooth function which can approximate the non-differentiable one arbitrarily
closely.
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variance measure, PDVEvs 5. an, Seem to be a viable option. They often perform slightly

better than return-based methods. However, in comparison to predictions on the basis of

PDVi%, estimates, we often find significantly inferior forecasting accuracy.

4 Conclusion

As a result of the availability of high-frequency asset price data, numerous ways to estimate
the asset price variability have been proposed. These estimators, known as RV measures,
are all based on evenly-spaced intra-day return data. A more recent approach allows the
estimation of the asset’s integrated variance by employing irregularly-spaced price duration
data. The usage of intra-day duration data is more robust than return data and ensures
that the information content of the data can be extracted more efficiently. However, an inte-
gral component of the newly-introduced estimator is the specification of a financial duration
model. Until now, models from the ACD family have been the standard choice. However,
motivated by the success of alternative duration models, we propose new duration-based
realized variance estimators based on the FIACD and the Log-ACD, as well as two hidden
Markov duration models, the MSMD and the FHMD model. For both of them, we derive
the price duration-based estimator.

In an in-sample analysis, we apply the duration-based estimators and a set of well-
established return-based RV measures to estimate the daily integrated variance of ten highly
liquid stocks. We compare the estimation accuracy on the basis of intra-day data from Jan-
uary 2007 to December 2019 and find that (i) the duration-based approaches, in particular
the ACD- and FHMD-based estimates, exhibit high estimation precision under the RMSE
criterion and (ii) the TSRV measure and the FHMD-based estimator perform best in terms
of the QLike loss. Moreover, we evaluate our duration-based variance estimators in two fore-
casting exercises. First, we construct predictions of future variance on the basis of a HAR
model. Using the model confidence approach, we find that the ACD-based forecasts are
almost always part of the final surviving set, irrespective of the loss function and forecast
horizon. Focusing on the best-performing duration- and return-based estimators in our sec-
ond forecasting application, we employ our daily estimates of the realized variance to predict
the VaR one-day-ahead. On the basis of a Diebold-Mariano test, we find that the ACD-based

method often provides significant accuracy gains. Our results indicate that the informational
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content in the irregularly-spaced price duration data can help in improving the estimation
and forecasting accuracy, especially by employing the ACD(1,1) as the underlying duration
model.

In this paper, we separately investigate estimators for the integrated variance for ten
different stocks. However, employing high-frequency data to produce accurate estimates
of the covariance matrix might also be highly relevant for portfolio optimisation and risk
management. In the domain of intra-day returns, multivariate analogons to popular RV
measures have been already proposed, such as, inter alia, the two-scale integrated covariance
estimator of Zhang (2011) and the multivariate realized kernel estimator of Barndorff-Nielsen
et al. (2011). Extending the parametric duration-based approach to the multivariate setting

may therefore be a promising path for future research.

Appendix: A. Data cleaning

We retain only trades with positive trade prices and volumes, and valid trade correction
indicators “00” and “01”. Following Ait-Sahalia et al. (2020), we further exclude trade sale
conditions, “Z”, “B”, “U”, “T”, “L”, “G”, “W”, “K”, and “J”, as well as an accompanying
“I” for odd lot trades. We take the median price if multiple trades are recorded at the same
timestamp, which further reduces recording errors. This procedure however, does not yet
guarantee fully reliable data. When merging the trade and quote observations within one
microsecond, we apply the following two filters: (i) we remove all crossed quotes, i.e. all quotes
for which a higher bid than ask-price is reported and (ii) we exclude all transaction prices
which are smaller than the bid-price minus the spread, or resp. greater than the ask-price

plus the spread.
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Tables and Figures



Table 1: Descriptive statistics of the raw and adjusted duration data

Raw duration data Adjusted duration data

No. of obs. Mean Overdisp. Skewness Kurtosis Mean Overdisp. Skewness Kurtosis

AAPL 251,348 299.731 1.346 3.768 30.547 1.613 1.072 3.416 31.136
BAC 253,726  296.695  1.406 4.057 33.295 1.689  1.142 3.718 38.271
DIS 251,566 299.364  1.359 3.509 24.091 1.714  1.175 3.823 31.864

< EVRG 251,864 299.244 1.419 4.161 36.818 1.858  1.210 4.210 50.773
"S FB 146,714  299.486  1.378 3.787 30.656 1.597  1.059 3.372 33.972
é GE 253,982 297.236  1.412 4.013 33.176 1.755  1.180 3.556 28.246
© IBM 251,565 299.895 1.385 3.814 30.253 1.722  1.156 3.578 28.198
PFE 253,489 298.128  1.368 3.688 26.967 1.744 1.159 3.321 23.325
TSLA 182,464 299.669 1.534 4.363 37.765 1.800 1.296 5.779 94.962
WMT 251,848 299.485 1.412 3.906 32.217 1.716  1.164 3.704 34.967
AAPL 168,165 430.600 1.957 6.549 71.632 1.709  1.309 8.047  206.391
BAC 585,670 127.545 2.771 10.489  209.479 1.746  1.394 13.949 1151.886
DIS 253,402 294.969 1.668 5.455 61.693 1.797  1.338 7.845  233.522
& EVRG 181,249 409.463 1.748 5.554 55.344 1.862  1.357 7.469  179.940
é FB 396,104 111.695 1.841 9.759 259.408 1.699 1.244 5.898  118.267
§ GE 378,093 198.547  2.114 8.096 138.145 1.828  1.372 5.816 97.187
2 IBM 252,155 296.280  1.727 5.569 60.275 1777 1.233 4.153 39.834

PFE 95,662 747.073 1.721 4.597 35.803 1.783  1.335 8.736  266.290
TSLA 261,735 207.892 1.990 8.367 147.362 1.858  1.415 8.248  220.006
WMT 128,303 526.859 1.796 4.946 42.316 1.823 1.616 19.660  910.529

Note: For each stock we report the descriptive statistics for the (raw and adjusted) 5 min. data in the top panel
and for the (raw and adjusted) spread-based data in the bottom panel.
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Table 2: In-sample performance of realized measures (Proxy: 5-min RV)

AAPL BAC DIS EVRG FB

RMSE QLIKE RMSE QLIKE RMSE QLIKE RMSE QLIKE RMSE QLIKE
RVomin 5.064 0.279 | 14.013 0.225 2900 0.211  4.292 0237  3.787 0.231
RV2min 5317 0.279 15106 0.219  3.487 0.208  4.263 0.220  3.461 0.229
RK>e 5296 0.265 | 15.750 0.224  3.860 0.201  4.261 0223  3.424 0.218
RK5 5479 0.258 1 16.104 0.219  3.842 0.193  4.185 0211  3.386 0.213
RKss 6.211 0.245 15701 0.197  3.767 0.183  4.332 0.193  3.388 0.204
REKP, .. 5.899 0.245 | 15.634 0.197  3.741 0.182 4310 0.192  3.391 0.203
TSRV 5.061 = 0.230 15.181 0.181  3.357 0.171 5417 0.189  3.808 0.190
MSRV?®=e 4578 0.675 14.071 0.417  3.101 0510  4.221 0.235  3.490 0.601
Ry 4.754  0.627 14.791 0.538  3.017 0.464  4.794 0.684  3.529 0.506
BPVpn 5248 0.313  13.100 0.259  2.689 0.234  4.260 0.280  3.431 0.258
BPVI" 5281 0.309 | 14.796 0.242  3.187 0.229  4.057 0.258  3.297 0.253
PDViin an 4.366 0.284 14.134 0.206  2.965 0231 = 3.918 0.388 3271 0.242
PDViiiD puay 4380 0.282 1 13.951 0.204 2987 0.228 3915 0.385  3.141 0.240
PDVEi 4 4.196 0.241 | 12.893 0.184 | 2.605 0.185 = 3.726 0.262  2.993 0.228
PDVirio puray | 4148 0.234 12853 0.181 | 2.608 0.182 | 3.757 0.257 | 2.981 0.222
PDV3itlin.an 4.494 0.283 [13.969 0.207  3.108 0.229  3.920 0.390  3.199 0.241
PDVitin puray 4464 0279 14176 0.203  3.009 0.227 | 3.916 0.38  3.220 0.237
PDVein ab 4.216 0.250 | 12.893 0.189 | 2.616 0.191  3.748 0.272  3.004 0.236
PDVyiD urray 4203 0241 13.075 0.187 | 2.630 0.187 | 3.801 0.264  2.987 0.230
PDVYED g 4377 0.268 | 13.603 0.189  3.049 0.224  4.033 0.386  3.047 0.235
PDVYeD Bur.ab 4371 0.269 13473 0.190 2961 0.223  4.007 0.387  3.089 0.235
PDVRRE, 4.086 0.236 12.871 0.182 = 2.561 0.181 = 3.705 0.261 = 2.979 0.229
PDV S S e ab 4.088 0.237 12.762 0.182 = 2.561 0.185 = 3.706 0.261 = 2.982 0.229
PDViien. a 4.546 1.004 14572 0.815  3.074 0.818  3.829 1.205  3.527 0.846
PDVyen bumay 4880 1.081 14.365 0.795  3.140 0.841 | 3.775 1391  3.554 0.911
PDVien.an 4.461 12.446 | 13.023 3.449  2.905 2.304  3.893 5.646  3.107 0.388

PDV e puray 4463 11.267  13.004 3.305  2.875 2021  3.880 5.177  3.111 0.386
PDVI2™, b an 4.383 0.268 | 13.576 0.189 2993 0.223  4.038 0.384  3.052 0.234
PDVI™™ cppuray 4376 0269 13455 0.191 2929 0223  4.015 0.385  3.063 0.234
PDV™ i tn.an 4.089 0.239 | 12.831 0.181 | 2.,574 0.182 = 3.705 0.258 = 2.983 0.227
PDV At puray | 4076 0.244 12,673 0.183 | 2.562 0.184  3.701 0.258  2.992 0.231
NPDVi» 4.405 0.272 | 14.039 0.192  3.050 0.225  3.986 0.402  3.095 0.233
NPDV;Pee! 4.298 0.278 | 13.150 0.203 | 2.656 0.212 = 3.771 0.301  3.028 0.253

Continued on next page.
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Table 2: Continued.

GE IBM PFE TSLA WMT
RMSE QLIKE RMSE QLIKE RMSE QLIKE RMSE QLIKE RMSE QLIKE

Rv°™» 6.168 0.207 2470 0.199 2.060 0.186 9.221 0.273 2.303 0.244
Ryomin 6.204 0.207 2442 0.198  2.204 0.181 8846 0.268  2.856 0.239
RK 6.457 0.207 2432 0.191  2.222 0.179 8929 0.264  2.696 0.230
RKZce 6.596 0.203 2371 0.181 2337 0.172  9.034 0.250  2.975 0.217
RKZC 6.468 0.185 2574 0.170  2.461 0.158 8817 0.229  2.926 0.206
REKP, .. 6.428 0.185 2,527 0.169  2.420 0.157 8868 0.229  2.879 0.205
TSRV 6.095 0.174 2809 0.160  2.251 0.149  9.086 0.209  2.314 0.198
MSRV?>* 5907 0.387 2418 0465 2121 0.362 9489 0412  2.187 0.589
Rvomn 5.864 0.557  2.357 0.497  1.985 0.514  10.156 0.701  2.507 0.618
BPVn 5981 0.243  2.538 0.223  1.986 0.214 = 8739 0311  2.305 0.268
BPV"R 6.005 0.234 2448 0.217 2166 0.207 = 8470 0.300  2.740 0.266
PDVyiD ab 5.647 0203  2.333 0.209  2.021 0.196 = 8578 0298  2.241 0.269
PDViip puray | 9-641 0201 2332 0.207  2.022 0.193  8.698 0.297  2.236 0.266
PDVERES b 5280 0.153 | 2.180 0.176  1.778 0.142 = 8682 0246  1.994 0.193
PDViio By | 9-263 0151 2224 0.173  1.781 0.141 = 8662 0.241  1.990  0.191
PDV s ab 5.795 0.203  2.374 0.208 2.142 0.195 | 8584 0.299  2.372 0.266
PDVysvn puray | 9720 0199 2418 0.205  2.038 0.192 | 8584 0.294 2273 0.266
PDV s ab 5318 0.160 | 2.207 0.185  1.825 0.150 = 8705 0.255  2.013 0.200
PDV s urray | 9-805  0.157 2225 0.178  1.815 0.147 8777 0.251  2.013 0.193
PDV3ED 4 5618 0.180  2.384 0.203  2.088 0.174 = 8544 0297 2254 0.257
PDV3en surr.db 5.548 0.181  2.387 0.204  2.085 0.177 = 8433 0297  2.269 0.257
PDVZ, 5255 0.154 | 2106 0.174 = 1.734 0.147 = 8690 0250 = 1.970 0.185
PDVIE S e b 5248 0.154 | 2.126 0.178 = 1.746 0.144 = 8655 0.250 = 1.973 0.187
PDViiaen.an 6.219 0.527 2399 0.737 2166 0.558  8.845 0.677 2275 0.623
PDVyitp puray | 6:053 0619 2448 0.782  2.084 0.647  10.979 0.860  2.154 0.741
PDVien.an 5570 1.748 2249 3.157 2445 14.044  9.795 1.578  2.155 8.194

PDVEeD puay | 5075 1.660  2.233  2.750 2430 13.399  9.713 1211 2138 7.711
PDVI2™, b ab 5611 0.180  2.385 0.204  2.084 0.175 = 8555 0.297  2.261 0.256
PDVIR™ b puray D043 0181 2.385 0.204  2.080 0.177 = 8447 0298 2274 0.256
PDVIEACn an 5269 0.154 = 2.107 0.175  1.764 0.149 = 8.699 0.245  1.974 0.189
PDVI it purran 5269 0.155 2120 0.179  1.755 0.149  8.676 0247  1.970 0.185
NPDV5min 5587 0.182 2462 0.206  2.077 0.180 = 8369 0.298  2.262 0.259
NPDVPread 5.354 0.170 | 2.242 0.196  1.876 0.188  8.768 0.281  2.036 0.237

Note: We report the average RMSE and QLike losses. The RMSE means are multiplied by factor 10,000 for
the sake of legibility. For some estimators, we perform a small-sample adjustment, which we abbreviate as
’db’ in the subscript. The sampling frequency (e.g. 5min) of each RV estimator is attached to its superscript.
A gray-shaded cell indicates that the associated estimate belongs to the 75% model confidence set.
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Table 3: Model confidence set inclusion frequency

1 day ahead 1 week ahead 1 month ahead Total

RMSE QLIKE RMSE QLIKE RMSE QLIKE RMSE QLIKE X
RV 3 0 1 2 10 10 14 12 26
RVomin 4 2 1 2 10 9 15 13 |28
RK> 4 3 2 2 10 9 16 14 |30
RK>se. 4 2 1 2 10 9 15 13 28
RKZ<° 4 1 1 2 10 9 15 12 |27
RK2 4 1 1 2 10 9 15 12 |27
TSRV 3 0 1 2 10 9 14 11 |25
MSRV > 3 0 1 1 9 8 13 9 22
Rvmin 4 0 3 3 10 9 17 1229
BPVmin 3 1 3 2 10 9 16 12 |28
BpPV 4 2 2 3 10 9 16 14 |30
PDViivio.ab 3 1 1 2 10 9 14 12 |26
PDV D Burr.db 4 1 2 2 10 9 16 12 28
PDVoines.ab 3 0 1 2 10 10 14 12 26
PDV v Burr.db 4 0 3 3 10 10 17 13 30
PDVyisiin.ab 3 1 1 2 10 9 14 12 26
PDV . Bur.db 4 1 1 2 10 9 15 12 |27
PDV e ab 3 0 1 2 10 8 14 10 |24
PDVIES Burr.db 4 0 1 2 10 10 15 12 27
PDV3eh.a 5 1 1 1 10 10 16 12 |28
PDV3E5 Burr.db 5 1 1 2 10 10 16 13 |29
PDV3Zd, 10 10 10 8 10 10 30 28 |58
PDV R S e b 6 5 5 3 10 10 21 18 |39
PDVyiatn.ab 2 0 1 1 10 9 13 10 |23
PDV 3 AtD. Burr.db 2 0 1 1 10 9 13 10 |23
PDVERED ab 4 1 3 5 10 9 17 15 32
PDVERED Burrdb 4 1 3 5 10 9 17 15 32
PDVI, cb.ab 5 1 1 1 10 10 16 12 28
PDVI™ b Burr.db 4 1 1 1 10 10 15 12 27
PDVI2tn.ab 9 6 7 7 10 10 26 23 |49
PDV D Burr.db 6 4 7 4 10 10 23 18 |41
NPDV3min 4 1 2 2 10 10 15 13 |28
NPDVPead 3 0 1 1 10 9 14 10 |24

Note: For each RV estimator we report the number of inclusions in the 75% model confidence set across all
ten stocks for both loss functions (RMSE and QLike) and for three forecast horizons (1 day-, 1 week- and 1
month-ahead).
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Table 4: Out-of-sample VaR one-day ahead forecasts evaluated by tick loss function

GARCH  RV™™ TSRVE™ BPVI'G, PDVEIoua, POV

AAPL 5% 0.1956***  0.1820**  0.1815**  (0.1817** 0.1813*** 0.1801
1% 0.0642***  0.0569 0.0569 0.0569 0.0568 0.0567
BAG 5% 0.3110**  0.2546 0.2514 0.2539 0.2565*** 0.2544
1% 0.1123***  0.0786 0.0767 0.0781 0.0768** 0.0756
DIS 5% 0.1646™**  0.1502** 0.1494***  (.1484 0.1482** 0.1473
1% 0.0580*** 0.0459*** 0.0454***  0.0449** 0.0440 0.0438
EVRG 5% 0.1259**  0.1212  0.1212**  0.1207 0.1205*** 0.1197
1% 0.0428***  0.0382  0.0386**  0.0379 0.0379** 0.0374
FB 5% 0.2147*%*  0.2027***  0.2015**  0.2020** 0.2001 0.1997
1% 0.0796**  0.0714  0.0718**  0.0713 0.0706 0.0705
GE 5% 0.2016***  0.1811 0.1772 0.1802 0.1794 0.1792
1% 0.0631***  0.0529 0.0517t  0.0523 0.0534 0.0532
BM 5% 0.1576***  0.1431  0.1429**  0.1424 0.1422* 0.1416
1% 0.0568***  0.0515 0.0517 0.0517 0.0517*** 0.0510
PFE 5% 0.1353**  (0.1288***  (0.1273  0.1286™*** 0.1276** 0.1261
1% 0.0404***  0.0366**  0.0353  0.0363** 0.0362*** 0.0351
TSLA 5%  0.3525 0.3507  0.3534**  0.3507 0.3516 0.3508
1%  0.1185 0.1148 0.1158 0.1145 0.1143 0.1142
WMT 5% 0.1281***  0.1230**  0.1226**  0.1226** 0.1225*** 0.1212
1% 0.0460***  0.0416**  0.0411 0.0408 0.0409*** 0.0400

Note: We report the average tick loss function values for 5% and 1% -VaR one-day-ahead forecast. Bold
numbers denote the lowest average tick loss values for each considered stock. We test for significant improve-
ments (deteriorations) via the Diebold-Mariano test and report the significance levels 1%, 5% and 10% by
ook (HT)7 ok (TT)7 and * (T)
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Table 5: Relative forecasting performance for AAPL

1 day ahead 1 week ahead 1 month ahead

RMSE QLIKE RMSE QLIKE RMSE QLIKE

RV 1.0000  1.0000 1.0000 ~ 1.0000 1.0000  1.0000
RV 2min 1.0455  0.9818 1.0058 ~ 0.9948 1.0030  0.9892
RK e 1.0444  0.9809 1.0055 = 0.9926 1.0033  0.9908
RKZ5. 1.0453  0.9841 1.0056 = 0.9910 1.0036  0.9879
RK:e 1.0473  0.9837 1.0069 = 0.9909 1.0050  0.9834
RK=ee 1.0403  0.9817 1.0060 = 0.9903 1.0041  0.9849
TSRV 1.0050  0.9904 1.0005 = 0.9991 1.0007  0.9950
MSRV®* 1.0050  0.9917 1.0005 = 0.9993 1.0008  0.9956
Rymin 0.9986  0.9983 1.0013 = 1.0082 0.9993  1.0010
BPV5mn 1.0019  1.0066 1.0007 ~ 0.9995 0.9989  0.9953
BPVI™ML 1.0442  0.9836 1.0067 = 0.9963 1.0023  0.9850
PDViiD, ab 1.0025  0.9740 1.0000 = 0.9984 0.9997  0.9922
PDVoiND Buray  0-9997  0.9734 0.9994  0.9986 0.9994  0.9918
PDVeoivis. ab 1.0131  0.9602 0.9998 = 0.9844 1.0020  1.0002
PDVoiD Buras  1.0120  0.9615 0.9997 | 0.9870 1.0020  1.0014
PDVithvp. ab 1.0026  0.9749 1.0001 = 0.9991 0.9997  0.9919
PDVyisvip sy 1.0108  0.9825 1.0020 = 1.0034 1.0010  0.9945
PDVyEvn. ab 1.0057  0.9600 0.9997 | 0.9907 1.0015  1.0067
PDVyRiD sueay 10056 0.9569 0.9986 ~ 0.9868 1.0008  1.0021
PDVYES o 0.9877  0.9709 0.9955 | 0.9920 0.9984  0.9959
PDV e Burr.db 0.9878 0.9725 0.9954 | 0.9920 0.9984  0.9962
PDViRE,, 0.9874  0.9363 0.9942  0.9762 0.9998  1.0043
PDVR S werab 0.9943 = 0.9330 0.9957 | 0.9802 1.0006  1.0031
PDViien. ab 1.0087  1.1203 0.9996 | 1.0028 0.9976  0.9779
PDVoen puras  1.0099  1.1545 0.9985 | 1.0053 0.9976  0.9764
PDVERiEn. ab 1.0293  1.1998 1.0041 = 1.0063 0.9931  0.9303
PDV e puran 10281 1.2160 1.0023 = 1.0027 0.9933  0.9542
PDVI™™ ob.ab 0.9882 0.9724 0.9956 | 0.9925 0.9984  0.9960
PDVy b uman  0-9883  0.9741 0.9956 ~ 0.9924 0.9984  0.9964
PDVIPat D b 0.9848  0.9412 0.9946 | 0.9809 0.9995  1.0034
PDVI D purran 0.9890  0.9409 0.9950 = 0.9814 1.0002  1.0040
NPDV P 0.9903  0.9798 0.9962 | 0.9941 0.9985  0.9969
NPDV:;Pread 1.0125  0.9737 1.0002 = 0.9913 1.0015  0.9962

Note: We report ratios of the average RMSE and QLike losses of all RV measures relative to the RV°™in

measure. A gray-shaded cell indicates that the associated estimate belongs to the 75% model confidence

set.
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Table 6: Relative forecasting performance for BAC

1 day ahead 1 week ahead 1 month ahead

RMSE QLIKE RMSE QLIKE RMSE QLIKE

RV°™» 1.0000 1.0000 1.0000  1.0000 1.0000  1.0000
RV mn 0.9841 1.0014 0.9798  0.9934 1.0025  0.9987
RK% 0.9845 0.9998 0.9828  0.9935 1.0050  0.9998
RK 0.9822 1.0054 0.9770  0.9960 1.0054  1.0009
RKe 0.9844  1.0005 0.9673  0.9941 1.0054  0.9986
RK®e 0.9850  0.9988 0.9694  0.9938 1.0051  0.9982
TSRV 0.9911 1.0046 0.9599  0.9946 1.0020  0.9885
MSRV > 0.9878 1.0394 0.9558  0.9885 1.0005  0.9845
Rvomin 1.0056  1.0499 0.9724  1.0039 1.0032  0.9957
BPVimin 1.0005 1.0187 1.0220  1.0020 0.9943  1.0042
BPVI™ 0.9887 1.0061 0.9753  0.9912 1.0003  0.9963
PDViviD, ab 0.9772  0.9969 0.9554  0.9673 1.0081  0.9849
PDVoin suray | 0-9763  0.9955 0.9538  0.9647 1.0088  0.9847
PDVRVD. ab 0.9634 0.9693 0.9550  0.9609 1.0200  0.9843
PDVoiD Buras | 0-9687  0.9595 0.9545  0.9627 1.0185  0.9841
PDV o, ab 0.9772  0.9957 0.9554  0.9661 1.0080  0.9843
PDVyisvip purran | 0-9681  0.9922 0.9507  0.9629 1.0085  0.9807
PDVyED. ab 0.9631 0.9739 0.9564  0.9608 1.0208  0.9826
PDVyiD pueay, 09705 0.9775 0.9524  0.9650 1.0206  0.9840
PDVYES o 0.9828 0.9851 0.9517  0.9707 1.0090  0.9824
PDV e Bure.db 0.9818 0.9888 0.9526  0.9734 1.0090  0.9831
PDViREy, 0.9666  0.9207 0.9541  0.9396 1.0198  0.9807
PDVR S er.ab 0.9692 0.9334 0.9516  0.9449 1.0196  0.9839
PDVen. ab 1.0563 1.2763 0.9914  1.0039 0.9982  0.9852
PDVyi D by | 11287 1.2727 1.0301  1.0010 0.9946  0.9844
PDVEREn. ab 0.9803 1.4233 0.9723  1.0931 1.0314  1.0424
PDVe e puray 09811 1.4018 0.9725 1.0874 1.0308  1.0403
PDVP™™, b ab 0.9826 0.9867 0.9526  0.9716 1.0087  0.9828
PDVI™, b Buman  0-9816  0.9910 0.9535 0.9743 1.0087  0.9835
PDVEPAt D b 0.9654 0.9327 0.9545  0.9437 1.0194  0.9844
PDVIP U Buray  0-9698  0.9422 0.9500  0.9449 1.0190  0.9861
NPDV;mn 0.9747  0.9949 0.9541  0.9770 1.0087  0.9806
NPDV:;Pread 0.9574 1.0080 0.9588  0.9743 1.0220  0.9875

Note: Analogous to the notes to Table
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Table 7: Relative forecasting performance for DIS

1 day ahead 1 week ahead 1 month ahead

RMSE QLIKE RMSE QLIKE RMSE QLIKE

RVo™» 1.0000  1.0000 1.0000  1.0000 1.0000  1.0000
RV2min 1.0110  0.9742 0.9984  0.9870 1.0019  0.9967
RK% 1.0122  0.9828 1.0010  0.9920 1.0027  0.9954
RK>. 1.0051  0.9845 1.0000  0.9939 1.0022  0.9958
RK>° 0.9936  0.9846 0.9978  0.9980 1.0009  0.9951
RK> 0.9941  0.9821 0.9978  0.9963 1.0010  0.9956
TSRV 0.9809  1.0019 0.9970  1.0002 1.0002  1.0043
MSRV®** 0.9838  1.0332 0.9978  1.0107 1.0003  1.0064
Ry 1.0098  1.0327 0.9961 | 0.9774 1.0031  0.9988
BPV" 0.9903  0.9664 0.9952  0.9868 1.0023  1.0054
BPV™L 1.0060  0.9559 0.9972  0.9863 1.0030  1.0000
PDViivio. ab 0.9735  0.9532 0.9952  0.9889 0.9986  0.9973
PDViivip puas 09731 0.9515 0.9948  0.9885 0.9985  0.9975
PDVRVD. ab 0.9508  0.9385 0.9862  0.9893 1.0001  1.0091
PDVeo D Buras  0.9497  0.9335 0.9856  0.9902 0.9998  1.0093
PDV o, ab 0.9734  0.9524 0.9951  0.9892 0.9986  0.9982
PDVtin pueay 09773 0.9568 0.9952  0.9879 0.9992  0.9990
PDVyED. ab 0.9522  0.9528 0.9876  0.9960 1.0000 1.0103
PDVyiD pureay 09537 0.9469 0.9861  0.9913 1.0003 1.0111
PDVES b 0.9699  0.9445 0.9953  0.9808 0.9989  0.9977
PDV &5 Bur.db 0.9697  0.9437 0.9949  0.9812 0.9988  0.9975
PDViREy, 0.9409  0.9002 0.9843  0.9769 0.9998  1.0083
PDVR S er.ab 0.9429  0.9122 0.9849  0.9795 0.9998  1.0089
PDViien. ab 1.0361 1.2131 0.9994  0.9898 1.0023  1.0289
PDVyien sy 10284 1.1787 0.9982  0.9877 1.0006  1.0270
PDVEREn. ab 1.0130  1.0507 1.0030 = 0.9511 1.0013  0.9913
PDVeie puran  1.0103  1.0277 1.0016 | 0.9540 1.0014  0.9912
PDVI™™, ob.ab 0.9703  0.9460 0.9950  0.9810 0.9989  0.9978
PDVIo™, pBumas 09702 0.9453 0.9947  0.9813 0.9989  0.9976
PDVEPAt D b 0.9418 0.9129 0.9839  0.9750 0.9996  1.0091
PDVPatn Bumay 09441 0.9204 0.9840 0.9791 0.9999  1.0104
NPDV;mn 0.9741  0.9504 0.9950  0.9832 0.9995  0.9984
NPDV:;Pread 0.9576  0.9627 0.9901  0.9981 0.9998  1.0067

Note: Analogous to the notes to Table
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Table 8: Relative forecasting performance for EVRG

1 day ahead 1 week ahead 1 month ahead

RMSE QLIKE RMSE QLIKE RMSE QLIKE

RV°™» 1.0000  1.0000 1.0000  1.0000 1.0000  1.0000
RV mn 0.9960  0.9811 0.9982  0.9925 0.9993  0.9999
RK% 0.9930  0.9637 0.9998  0.9863 0.9989  0.9961
RK 0.9960  0.9768 1.0014  0.9979 0.9991  1.0022
RKe 0.9979  0.9868 1.0009  1.0034 0.9991  1.0040
RK®e 0.9977  0.9852 1.0008  1.0016 0.9990  1.0035
TSRV 1.0087 1.0173 1.0008  1.0062 0.9999  1.0180
MSRV > 1.0183  1.0708 1.0059  1.0397 1.0000  1.0249
Rvomin 0.9942 1.0176 0.9971  0.9987 0.9986  0.9797
BPV5Mn 0.9997 | 0.9570 0.9953  0.9557 0.9974  0.9772
BPVI™ 0.9951  0.9405 0.9936  0.9484 0.9976  0.9843
PDViviD, ab 1.0022  0.9895 0.9989  0.9929 0.9981  1.0092
PDVoin suras  1.0031  0.9819 0.9968  0.9865 0.9981  1.0068
PDVRVD. ab 1.0015  0.9846 0.9973  0.9673 0.9979  1.0008
PDVoiD Buras  1.0002  0.9826 0.9962  0.9659 0.9977  0.9995
PDV o, ab 1.0029  0.9991 0.9994  0.9994 0.9981  1.0091
PDVyisvip-purray  1.0025  0.9907 0.9990  0.9946 0.9982  1.0109
PDVyED. ab 1.0007  0.9873 0.9982  0.9740 0.9979  0.9992
PDVyiD pueay,  1.0008  0.9826 0.9977  0.9724 0.9980  0.9999
PDVYES o 1.0032  0.9948 0.9985  0.9894 0.9980  1.0084
PDV e Bure.db 1.0028  0.9921 0.9987  0.9901 0.9980  1.0092
PDViREy, 0.9977  0.9737 0.9945  0.9441 0.9969  0.9919
PDVR S er.ab 0.9974  0.9704 0.9950  0.9502 0.9970  0.9932
PDViien. ab 1.0338  1.1609 1.0101  1.0429 0.9975  1.0110
PDVyi en gy 1.0431  1.2221 1.0157  1.0841 0.9993  1.0205
PDVEREn. ab 1.0217  1.1224 1.0050  0.9747 0.9985  1.0228
PDVe e puran 10215 1.1110 1.0052  0.9825 0.9992  1.0443
PDVP™™, b ab 1.0036  0.9947 0.9985  0.9891 0.9980  1.0083
PDVI b Buman  1.0031  0.9918 0.9987  0.9899 0.9980  1.0090
PDVEPAt D b 0.9969  0.9680 0.9945  0.9455 0.9973  0.9959
PDVIP S puman 09967 0.9666 0.9952  0.9516 0.9972  0.9947
NPDV;™ 1.0039  0.9976 0.9983  0.9951 0.9982  1.0090
NPDV:;Pread 1.0006  0.9893 0.9986  0.9821 0.9980  0.9985

Note: Analogous to the notes to Table
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Table 9: Relative forecasting performance for FB

1 day ahead 1 week ahead 1 month ahead

RMSE QLIKE RMSE QLIKE RMSE QLIKE

RVo™» 1.0000  1.0000 1.0000  1.0000 1.0000  1.0000
RV2min 0.9954  1.0033 0.9996  1.0031 1.0006  1.0127
RK> 0.9933 = 0.9944 0.9989  0.9980 1.0002  1.0075
RK>. 0.9929  0.9909 0.9989  0.9967 1.0003  1.0062
RKZS 0.9927 | 0.9856 0.9987  0.9947 1.0000  1.0042
RK® . 0.9929 = 0.9873 0.9988  0.9960 1.0001  1.0057
TSRV 1.0037  1.0186 1.0006  1.0031 1.0014  1.0107
MSRV> 1.0037  1.0189 1.0007  1.0034 1.0015  1.0109
Ry 0.9975  1.0635 0.9976  1.0174 1.0017  1.0307
BPV5Mn 0.9991  1.0215 1.0001  1.0161 1.0004 1.0108
BPV™L 0.9958  1.0103 0.9994  1.0061 1.0004 1.0150
PDViND., ab 0.9978  1.0000 1.0003  0.9992 1.0016  1.0118
PDViivio puas | 09907 0.9979 1.0000  1.0040 1.0006  1.0126
PDVRVD. ab 0.9895  1.0041 0.9979  0.9917 0.9991  1.0060
PDVeoiD uray | 09870 0.9954 0.9975  0.9907 0.9992  1.0075
PDV o, ab 0.9915  1.0017 1.0001  1.0040 1.0006  1.0139
PDV o purray | 09906 0.9987 0.9998  1.0055 1.0004 1.0115
PDVyED. ab 0.9907 1.0178 0.9990  1.0016 0.9997 1.0114
PDVyiD pureay, | 09886 1.0128 0.9981  0.9976 0.9991  1.0088
PDVES b 0.9886 1.0017 0.9994  1.0008 0.9989  1.0045
PDV e Bure.db 0.9886 1.0012 0.9996  1.0013 0.9990  1.0050
PDViREy, 0.9859  0.9877 0.9972  0.9889 0.9991  1.0062
PDVR S er.ab 0.9867  0.9903 0.9974  0.9905 0.9992  1.0072
PDVen. ab 1.0087  1.2309 1.0061  1.0366 1.0009 1.0172
PDVyi D puray  1-0098  1.1750 1.0022  1.0122 0.9975  0.9937
PDVEREn. ab 0.9869 0.9974 0.9961  0.9682 0.9985  1.0077
PDVi e purean 09862 0.9926 0.9958  0.9670 0.9983  1.0052
PDVP™™, b ab 0.9887 1.0019 0.9995  1.0018 0.9990  1.0053
PDVI2™, b Buay 09887 1.0015 0.9997  1.0021 0.9990  1.0056
PDVEPAt D b 0.9867  0.9883 0.9973  0.9894 0.9991  1.0061
PDVIPtp Buray 09880 0.9966 0.9972  0.9886 0.9986  1.0032
NPDV;™ 0.9888  1.0006 1.0001  1.0056 0.9994  1.0088
NPDV:;Pread 0.9897 1.0186 0.9994  1.0044 0.9996 1.0114

Note: Analogous to the notes to Table
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Table 10: Relative forecasting performance for GE

1 day ahead 1 week ahead 1 month ahead

RMSE QLIKE RMSE QLIKE RMSE QLIKE

RVo™» 1.0000  1.0000 1.0000  1.0000 1.0000  1.0000
RV2min 1.0045 0.9983 0.9972  1.0137 1.0029 1.0155
RK> 1.0027 1.0164 0.9982  1.0178 1.0031 1.0179
RK>%. 1.0002 1.0302 0.9950  1.0269 1.0038 1.0255
RK>° 0.9874 1.0172 0.9908  1.0349 1.0053 1.0329
RK>c 0.9884 1.0140 0.9909  1.0321 1.0050 1.0320
TSRV 0.9706 0.9914 0.9856  1.0397 1.0081 1.0346
MSRV®** 0.9690  1.0029 0.9821  1.0274 1.0046  0.9866
RVyon 1.0041 1.1038 1.0101  1.0873 1.0136  1.1299
BPV " 0.9978 1.0037 1.0053  1.0064 1.0038 1.0172
BPV™ML 0.9989 0.9921 0.9977  1.0154 1.0046  1.0273
PDViivio. ab 0.9687  0.9658 0.9860  1.0152 1.0044 1.0122
PDVivip puas | 09701 0.9641 0.9866  1.0155 1.0046 1.0118
PDVRYVD. ab 0.9266 0.9471 0.9633  0.9631 0.9999  0.9980
PDVeoniD Buray | 0-9261  0.9381 0.9645  0.9555 0.9997  0.9966
PDViitin. ab 0.9692 0.9664 0.9860  1.0160 1.0042 1.0115
PDViin puay | 09719 0.9774 0.9881  1.0263 1.0048 1.0181
PDVyED. ab 0.9238 0.9584 0.9677  0.9767 1.0012 1.0062
PDVyiD pureay 09234 0.9500 0.9649  0.9716 0.9998  1.0015
PDVES b 0.9751  0.9533 0.9875  1.0107 1.0053  1.0119
PDV 5 Burr.ab 0.9753 0.9574 0.9873  1.0110 1.0053  1.0132
PDViREy, 0.9107  0.9200 0.9576  0.9451 0.9966  0.9923
PDVR S er.ab 0.9101 0.9313 0.9573  0.9492 0.9975  0.9965
PDViien. ab 1.0918 1.1505 1.0271  1.0865 1.0008 1.0643
PDVyien puray | 10700 1.1909 1.0166  1.1128 1.0042  1.0650
PDVEREn. ab 0.9960 1.3640 0.9765  1.2513 1.0141  1.3323
PDV e puray | 09947 1.3941 0.9785  1.2864 1.0147  1.3500
PDV?™, b b 0.9754  0.9557 0.9876  1.0116 1.0054 1.0125
PDVI2™, b Buay 09754 0.9596 0.9873  1.0116 1.0053  1.0138
PDVEPAt D b 0.9162 0.9293 0.9581  0.9518 0.9970  0.9960
PDVIP U Buray 09163 0.9406 0.9564  0.9507 0.9963  0.9931
NPDV;™ 0.9754  0.9581 0.9882  1.0163 1.0058  1.0156
NPDV:;Pread 0.9336 0.9922 0.9661  0.9966 1.0002 1.0110

Note: Analogous to the notes to Table
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Table 11: Relative forecasting performance for IBM

1 day ahead 1 week ahead 1 month ahead

RMSE QLIKE RMSE QLIKE RMSE QLIKE

RV°™® 1.0000  1.0000 1.0000  1.0000 1.0000  1.0000
RV2min 1.0194  0.9603 1.0013  0.9969 1.0006  0.9992
RK% 1.0242  0.9647 1.0032  1.0020 1.0009  0.9993
RK 1.0182  0.9593 1.0022  1.0055 1.0008  0.9964
RKe 1.0021  0.9611 0.9999  1.0039 1.0007  0.9960
RK®e 1.0019  0.9579 1.0000  1.0039 1.0006  0.9963
TSRV 1.0017  0.9703 1.0054  1.0104 1.0011  1.0035
MSRV> 1.0034  0.9911 1.0067  1.0218 1.0016  1.0100
Rvomin 1.0084 1.0119 1.0015  1.0084 0.9995  0.9927
BPV5Mn 0.9972  0.9872 0.9994 0.9913 0.9993  0.9938
BPVI™ 1.0203  0.9539 1.0023  0.9954 1.0005  0.9953
PDViND., ab 1.0041  0.9573 1.0025  1.0092 1.0016  1.0030
PDViivin puas 09999 0.9553 1.0017  1.0080 1.0014  1.0030
PDVRVD. ab 0.9940  0.9382 1.0022  1.0035 1.0019 1.0101
PDV D Buras  0.9934  0.9367 1.0018  0.9995 1.0019  1.0094
PDViitin. ab 0.9937  0.9554 1.0017  1.0093 1.0013  1.0032
PDVtin pureay, 09997 0.9616 1.0016  1.0124 1.0017  1.0045
PDVyED. ab 0.9978  0.9556 1.0041  1.0085 1.0022  1.0120
PDVyiD pureay, 09973 0.9456 1.0028  1.0006 1.0014  1.0063
PDVES b 0.9908  0.9571 1.0021  1.0066 1.0016  1.0036
PDV 5 Burr.ab 0.9915  0.9576 1.0022  1.0065 1.0016  1.0039
PDViREy, 0.9856  0.9121 0.9992  0.9853 1.0008  1.0046
PDVR S er.ab 0.9868  0.9207 1.0003  0.9896 1.0009  1.0054
PDVen. ab 1.0329  1.1749 1.0210  1.0806 1.0040  1.0272
PDVyien sy 1:0270  1.1255 1.0170  1.0574 1.0031  1.0140
PDVEREn. ab 1.0281  1.1503 1.0111  1.0439 1.0025  1.0235
PDVe e puran 10220 1.1164 1.0104  1.0371 1.0025  1.0266
PDV?™, b ab 0.9916  0.9577 1.0024  1.0072 1.0016  1.0036
PDVIo™ pBumar 09924 0.9586 1.0025  1.0070 1.0015  1.0040
PDVEPAt D b 0.9866 = 0.9146 0.9997  0.9879 1.0009  1.0052
PDVIPat Buray 09869 0.9209 1.0000  0.9891 1.0008  1.0058
NPDV;mn 0.9929  0.9537 1.0028  1.0109 1.0018  1.0037
NPDV:;Pread 0.9936  0.9458 1.0035  1.0095 1.0013  1.0052

Note: Analogous to the notes to Table
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Table 12: Relative forecasting performance for PFE

1 day ahead 1 week ahead 1 month ahead

RMSE QLIKE RMSE QLIKE RMSE QLIKE

RVo™» 1.0000  1.0000 1.0000 ~ 1.0000 1.0000  1.0000
RV2min 0.9992  0.9808 0.9997 = 1.0051 0.9988  0.9995
RK> 0.9982  0.9718 0.9993 | 1.0014 0.9981  0.9975
RK>. 1.0038  0.9710 0.9998 | 1.0079 0.9973  0.9976
RK>° 1.0061  0.9759 0.9996 | 1.0090 0.9967  0.9962
RK> 1.0055  0.9756 0.9999 | 1.0096 0.9968  0.9972
TSRV 1.0082  1.0039 1.0041 | 1.0198 0.9981  1.0015
MSRV®** 1.0151  1.0826 1.0060  1.0615 0.9990 1.0213
Ry 0.9977  0.9975 1.0037 | 1.0029 0.9991  0.9888
BPV" 1.0022  1.0019 1.0018 = 0.9991 0.9999  1.0013
BPV™L 1.0006  0.9811 0.9994 | 1.0011 0.9987  1.0016
PDViivio. ab 0.9852  0.9845 0.9975 | 1.0167 0.9979  1.0075
PDViivip puay 09860 0.9822 0.9972 | 1.0136 0.9976  1.0065
PDVRVD. ab 0.9708  0.9611 0.9937 | 1.0163 0.9983  1.0087
PDVo D Buras  0-9678  0.9486 0.9916 = 1.0057 0.9981  1.0062
PDViitin. ab 0.9848  0.9815 0.9972 =~ 1.0145 0.9978  1.0057
PDVtin uray  0-9883 09870 0.9975 | 1.0148 0.9984  1.0086
PDVyED. ab 0.9687  0.9566 0.9931 | 1.0157 0.9990  1.0097
PDVyiD pureay 09673 0.9532 0.9932 | 1.0116 0.9988  1.0053
PDVES b 0.9832  0.9900 0.9991  1.0216 0.9986 1.0116
PDV 5 Burr.ab 0.9825  0.9899 0.9989 | 1.0212 0.9988  1.0131
PDViREy, 0.9491  0.8851 0.9891  0.9835 0.9978  1.0068
PDVR S er.ab 0.9544  0.9098 0.9892  0.9930 0.9981 1.0105
PDVifien. ab 1.0271  1.1256 1.0123  1.0782 1.0032  1.0414
PDVyien gy 1.0267  1.1051 1.0103  1.0762 1.0014  1.0405
PDVEREn. ab 1.0963  1.3478 1.0305 = 1.0518 1.0041  0.9704
PDVei e puran 11082 1.3484 1.0419 | 1.0540 1.0053  0.9663
PDVI™™, ob.ab 0.9831  0.9892 0.9993  1.0220 0.9986 1.0119
PDVI2™ b Bumay 09824 0.9891 0.9990  1.0216 0.9987 1.0133
PDVEPAt D b 0.9543  0.9004 0.9915 | 0.9948 0.9980  1.0077
PDVIPatn Bumay 09587 0.9284 0.9901  1.0048 0.9987  1.0102
NPDV;™ 0.9859  0.9909 0.9984  1.0201 0.9989  1.0122
NPDV:;Pread 0.9737  0.9918 0.9969  1.0296 0.9992 1.0115

Note: Analogous to the notes to Table

44



Table 13: Relative forecasting performance for TSLA

1 day ahead 1 week ahead 1 month ahead

RMSE QLIKE RMSE QLIKE RMSE QLIKE

RVo™» 1.0000 1.0000 1.0000  1.0000 1.0000  1.0000
RV mn 1.0043  0.9855 1.0011  0.9950 0.9995  0.9973
RK> 1.0069  0.9933 1.0013  0.9939 0.9995  0.9969
RK>. 1.0127  1.0055 1.0013  0.9971 0.9999  1.0012
RK>° 1.0137 1.0131 1.0034  1.0064 1.0005  1.0026
RK> 1.0132  1.0130 1.0031  1.0056 1.0005  1.0035
TSRV 1.0178  1.0469 1.0049  1.0223 1.0018  1.0142
MSRV®** 1.0488 1.1912 1.0188  1.0875 1.0046  1.0319
Ry 1.0252  1.0247 1.0105  1.0280 0.9991  0.9969
BPV" 1.0007 0.9935 0.9966  0.9889 1.0003  1.0042
BPV™L 0.9977  0.9781 0.9987  0.9921 1.0007  1.0056
PDViivio. ab 0.9955  0.9739 0.9969  0.9889 1.0005  1.0073
PDVy N gy 0-9952  0.9729 0.9971  0.9895 1.0003  1.0060
PDVRVD. ab 0.9965 0.9844 0.9953  0.9852 1.0007  1.0049
PDVeoiD Buras | 0:9972  0.9869 0.9952  0.9845 1.0005  1.0030
PDViitin. ab 0.9954  0.9741 0.9968  0.9889 1.0005  1.0074
PDV D puray, 09976 0.9722 0.9961  0.9810 0.9996  0.9989
PDVyED. ab 1.0009 0.9928 0.9968  0.9899 1.0007  1.0043
PDVyiD bureay, 09999 0.9886 0.9963  0.9891 1.0005  1.0029
PDVES b 0.9898  0.9713 0.9949  0.9823 1.0005  1.0087
PDV &5 Bur.db 0.9882  0.9715 0.9954  0.9844 1.0007  1.0109
PDViREy, 0.9877  0.9662 0.9914  0.9755 1.0010  1.0052
PDVR S er.ab 0.9877  0.9649 0.9936  0.9793 1.0010  1.0052
PDViien. ab 1.0204 1.1333 1.0047  1.0290 1.0034  1.0458
PDVyi e puray  1.0202 11164 1.0084  1.0293 1.0023  1.0237
PDVEREn. ab 0.9970  1.0135 0.9857  0.9328 0.9951  0.9793
PDVeien puran | 1.0016  1.0164 0.9873  0.9337 0.9922  0.9668
PDVI™™, ob.ab 0.9897 0.9715 0.9950  0.9827 1.0005  1.0086
PDVI2™ b Bumay 09882 0.9717 0.9955  0.9847 1.0007  1.0107
PDVEPAt D b 0.9876  0.9665 0.9913  0.9751 1.0011  1.0055
PDVIP S puman  0-9876  0.9647 0.9930  0.9768 1.0008  1.0028
NPDV;™ 0.9931  0.9723 0.9959  0.9853 1.0003  1.0084
NPDV:;Pread 0.9997 0.9924 0.9976  0.9950 1.0014 1.0112

Note: Analogous to the notes to Table
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Table 14: Relative forecasting performance for WMT

1 day ahead 1 week ahead 1 month ahead

RMSE QLIKE RMSE QLIKE RMSE QLIKE

RV°™® 1.0000  1.0000 1.0000  1.0000 1.0000  1.0000
RV mn 0.9982  0.9786 0.9991  0.9912 0.9998  0.9967
RK> 0.9969  0.9748 0.9982  0.9858 0.9995  0.9938
RK>. 0.9980  0.9767 0.9981  0.9854 0.9991  0.9903
RKZS 0.9971  0.9780 0.9981  0.9865 0.9987  0.9874
RK® . 0.9968  0.9745 0.9980  0.9849 0.9987  0.9871
TSRV 1.0018  1.0088 1.0000  0.9899 0.9993  0.9856
MSRV> 1.0024  1.0105 1.0003  0.9924 0.9994  0.9854
Ry 0.9998  1.0056 1.0013  0.9950 1.0007  1.0001
BPVn 0.9974  0.9834 0.9997  0.9979 0.9999  0.9962
BPV™L 0.9969  0.9634 0.9988  0.9895 0.9998  0.9963
PDViivio. ab 0.9966  0.9707 0.9980  0.9809 0.9988  0.9826
PDViivip puas 09964 0.9703 0.9979  0.9801 0.9988  0.9830
PDVRVD. ab 0.9901  0.9431 0.9939  0.9502 0.9987  0.9837
PDVo D uras  0-9888  0.9185 0.9931  0.9450 0.9986  0.9830
PDViitin. ab 0.9968  0.9708 0.9981  0.9808 0.9987  0.9825
PDVtin pueay 09990 0.9790 0.9987  0.9815 0.9990  0.9834
PDVyED. ab 0.9882  0.9233 0.9940  0.9540 0.9991  0.9862
PDVyiD pureay,  0-9885 09267 0.9938  0.9505 0.9990  0.9841
PDVES b 0.9958  0.9698 0.9975  0.9781 0.9985  0.9842
PDV &5 Bur.db 0.9961  0.9679 0.9976  0.9796 0.9986  0.9844
PDViREy, 0.9791  0.8760 0.9896  0.9185 0.9977  0.9739
PDVR S er.ab 0.9824 | 0.8846 0.9913  0.9295 0.9981  0.9773
PDVifien. ab 1.0114  1.0877 1.0020  1.0075 0.9983  0.9767
PDVyi D puray  1:0156  1.0920 1.0056  1.0147 0.9994  0.9860
PDVEREn. ab 1.0197  1.1537 0.9988  0.9737 1.0004  1.0037
PDVi e pumay 10136 1.1121 0.9963  0.9524 0.9998  0.9947
PDV?™, b ab 0.9959  0.9694 0.9975  0.9785 0.9986  0.9845
PDVIo™, bBumay 09962 0.9673 0.9977  0.9800 0.9987  0.9846
PDVEPAt D b 0.9807  0.8962 0.9896  0.9166 0.9980  0.9770
PDVPat Buray 09828  0.8879 0.9911  0.9294 0.9982  0.9787
NPDV;™ 0.9970  0.9729 0.9983  0.9837 0.9988  0.9859
NPDV: P 0.9917  0.9580 0.9964  0.9784 0.9989  0.9863

Note: Analogous to the notes to Table
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Figure 1: Plots of the mean diurnal seasonality factor for all ten stocks using 5 min. data.
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Figure 3: Correlation heatmap for realized variance estimates (IBM)
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Figure 4: 5%-VaR forecasts for IBM returns using RV™" and PDVSA%%"’ﬂb.
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