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Abstract Inequality has again become prominent in public and scientific dis-
cussion. There is a vast literature on its measurement, and numerous empirical
papers describe and compare the situation in different countries. However, these
results can barely be used to evaluate (potential) policy decisions that change
the underlying state variables such as income or wealth. A classic approach for
such evaluation uses social welfare functions, but the research in this field often
only provides conceptional procedures which are not appropriate for empirical
comparative studies.

In this paper, we propose a new tool that measures the attractiveness of
a policy decision, based on a social welfare function. The so-called substantial
welfare ratio, is motivated by the literature on performance measurement and
incorporates an inherent robustness check. In particular, it investigates the im-
pact of small modifications at the tails of the change distribution. Additionally,
it meets several criteria for good inequality and performance measures, making
decisions based on the ratio consistent with those based on such measures. We
provide an application to European data, for which we adopt a stylized life-cycle
model, in order to motivate the shape of the underlying welfare function. The
example shows that the new tool can be used to analyse policy decisions such
as tax-reforms and thereby reveals differences in the attractiveness and welfare
structure.

? This paper uses data from the Eurosystem Household Finance and Consumption Survey.
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1 Introduction

The public and scientific debate on inequality has again become prominent
in public and scientific discussion, through such publications as Stiglitz (2012),
Bradley (2015) or Dorling (2015). There is a large number of inequality measures
which serve various purposes. Most common are the indices from Gini, Atkin-
son, Dalton, Herfindahl or Theil’s entropy. Their properties are well known and
the set of potential alternative inequality measures has been well investigated
and categorized, e.g. in Cowell (2011). Whereas the development and character-
istics of inequality, poverty and richness is extensively documented, including
Piketty and Saez (2003), Piketty and Zucman (2014), Kuznets (1955) or Al-
varedo and Saez (2009) amongst others, the resulting policy implications are
ambiguous (Grodner and Kniesner (2008)). Evaluating policy decisions based
on changes in inequality measures depends crucially on the underlying distri-
bution. Accounting for the distribution, as in Chauvel (2016) or Peichl et al.
(2010), resolves parts of the problem, but as shown in Atkinson (1970), the im-
plications of changes in inequality measures do not necessarily apply to social
welfare (SW) considerations.

Instead, the SW function itself has to be accounted for, because “the economist
(...) is primarily interested, not in the distribution of income as such, but in the
effects of the distribution of income upon the distribution and total amount of
economic welfare, which may be derived from income” (Dalton (1920)). Examin-
ing the welfare implications of policy decision requires an appropriate measure-
ment of SW, while taking into account the distribution of the state variables.
This is of particular importance in order to understand the driving forces be-
hind changes in SW, but is nevertheless completely unattended by standard SW
approaches. These evaluations of policy attractiveness subsume the effects on
the population, and thus are at odds with the reality of policy makers, who are
generally concerned with specific parts of the population. Furthermore, the SW
approach does not provide clear policy implications as absolute changes in SW
do not allow for meaningful interpretation or comparison of policies.

Thus, the impetus for developing our new tool derives from two yet unan-
swered questions:

• Is there a meaningful way to include policy effects on relevant state vari-
ables into welfare considerations and condense it to a normed and intuitive
number?

• How much does the computed measure depend on the welfare change of few
extreme changes, i.e. on the tails of the gains and losses?

In this paper, we answer these questions and fill the need for an adequate
quantification by proposing a SW-based measure of (policy) attractiveness -
the substantial welfare ratio. Our approach is motivated by the gain loss ratio
(GLR) as in Bernardo and Ledoit (2000), which is widely known in the con-
text of performance measurement. More recently the concept was successfully
applied in the context of decision making and De Langhe and Puntoni (2015)
explain how this approach leads to more desirable decision, partly reproducing
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properties of prospect theory. Additionally, we adapt the idea of the substantial
gain loss ratio of Voelzke (2015), which is a further development of the GLR.

The latter enables us to carry out robustness checks by isolating the substan-
tial part of a detected effect. In particular, this allows us to assess which groups
of the population are driving the effects and if this is in line with the intentions
leading to policy decisions. The substantial welfare ratio meets several criteria,
such as consistency with Lorenz dominance or the weak principle of transfer,
making it coherent with the general understanding of inequality. The definition
is based on arbitrary SW functions. Thus, our approach is generally applicable,
because either full model specifications1 or ad-hoc welfare functions2 can be
adopted. The developed tool is easily applied to several additional state vari-
ables, such as health, happiness or unemployment, as proposed by e.g. Fleurbaey
(2015), Aronsson (2010), Ng (2003) and Dutta and Foster (2013). Furthermore,
we can conveniently depart from the Weisbrod and Hansen (1968) annuity ap-
proach of combining income and wealth in a single state variable. Headey and
Wooden (2004), Brandolini et al. (2010) and Azpitarte (2012) provide a sound
reasoning for the latter. In order to motivate the general form of a welfare func-
tion, we adopt a stylized life-cycle model with the two state variables of income
and wealth. Matching these features of the model, we use the variables of in-
come, wealth and expected remaining working life from HFCS data to show how
the proposed procedure can conveniently be used for policy analysis. In particu-
lar, we use the substantial welfare ratio to analyse two hypothetical tax-reforms
in four European countries.

The paper proceeds as follows. In Section 2, we introduce the substantial
welfare ratio and its properties. In Section 3, we apply the proposed tool to
analyse hypothetical tax-reforms for four European countries, using a stylized
life-cycle model of consumption and saving. Section 4 concludes.

2 Substantial Welfare Ratio

Consider a reasonable welfare function SW(X) of the state matrix X. For the
following definition, we assume that such a welfare function is the sum of indi-
vidual value functions Vi(Xi,·) in some state variables, i.e.

SW(X) :=
∑

i∈I
Vi(Xi,·), (1)

where X is matrix of real numbers with |I| rows and columns equal to the num-
ber of relevant state variables. The state variables could be individual wealth,
income, leisure time, health and anything that influences the welfare of a pop-
ulation I and can be investigated empirically.

As a measure of attractiveness, the welfare ratio evaluates the change in SW,
e.g. induced by a reform or as a comparison between two alternatives.

1 See Krusell and Smith (1998), Hotchkiss et al. (2012), Quadrini and Ŕıos-Rull (1997),
Huggett (1996) or Castañeda et al. (2003).

2 See Bergson (1938), Samuelson (1948), Fleurbaey (2009) or Ng (1983).
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Definition 1 (Welfare ratio):
Given a SW function as in (1) and two matrices X and X ′ of state variables,
the welfare ratio is defined as

WR(X,X ′) :=

∑
i∈I(∆Vi)

+∑
i∈I(∆Vi)

− , (2)

where ∆Vi := Vi(X
′
i,·) − Vi(Xi,·). Further, (·)+ and (·)− denote the absolute

value of the positive and the negative elements respectively. We set the welfare
ratio to infinity if

∑
i∈I(∆Vi)

− = 0 and
∑
i∈I(∆Vi)

+ > 0. Additionally, we
define the welfare ratio as unity for

∑
i∈I(∆Vi)

− = 0 and
∑
i∈I(∆Vi)

+ = 0,
yielding analytic continuation.

Given Definition 1, a welfare ratio greater or equal than one implies that the
overall SW is increased, while the absolute value is a measure of attractiveness.
The limiting case, a Pareto improvement, results in a welfare ratio equal to
infinity, i.e. labelling such a development as super attractive.

For a short example assume that we have a population of two individuals
and X is one dimensional. Further assume that V1(·) = V2(·) :=

√
·. Evaluating

a reform that implies a change from X = (1, 10) to X ′ = (0, 20) results in

WR =
√
20−
√
10√

1−
√
0
≈ 1.3, i.e. such a change is labelled attractive.

Basing a decision on the welfare ratio, results by construction in conducting
reforms which increase implied SW. Additionally, the welfare ratio yields a nor-
malized coefficient enabling us to compare the attractiveness of policies/reforms
in different subsets, e.g. partitioned by region or educational background.

However note that comparing competing reforms, e.g. fromX toX ′ and from
X to X ′′ requires to calculate two welfare ratios and should not be carried out
by calculating WR(X ′, X ′′). To get an intuition why this is the case, consider
X ′′ = (20, 0). Thus, naively computing WR(X ′, X ′′) yields a ratio equal to
unity, since all losses are compensated by equivalent gains. Such an evaluation
ignores the change process itself, i.e. it contradicts WR(X,X ′′) ≈ 1.1 < 1.3 ≈
WR(X,X ′). For logical reasons, moving from X to X ′ results in a higher WR,
since the relative changes in utility levels is more attractive than in the case of
the reform X to X ′′.

The welfare ratio ratio, as the ratio of welfare gains and welfare losses, is
easier to interpret than the net change of SW, either in absolute or in relative
terms. In addition, it is interesting to consider whether any attractiveness is due
to a few individuals with very large changes. This can be achieved by looking at
the modification that is implied by excluding the tails of the change distribution.
Given the situation in Definition 1, we introduce the following Notation:

SWR+
γ (X,X ′) := max

{∑
i∈I∗(∆Vi)

+∑
i∈I∗(∆Vi)

− : I∗ ⊂ I ∧ |I
∗|
|I|
≥ (1− γ)

}
(3)

SWR−γ (X,X ′) := min

{∑
i∈I∗(∆Vi)

+∑
i∈I∗(∆Vi)

− : I∗ ⊂ I ∧ |I
∗|
|I|
≥ (1− γ)

}
, (4)
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with 0 ≤ γ < 1 and ∧ denoting the logical conjunction. Hence, SWR−γ (X,X ′)
quantifies the (substantial) attractiveness that remains when we exclude the
most extreme winners. We call SWR−γ (X,X ′) the substantial welfare ratio. To
obtain a deeper understanding of the dependency of the welfare ratio on the
upper and lower tail of the change, a so-called γ-diagram visualizes this rela-
tionship.

Definition 2 (γ-diagram): We refer to a figure as a γ-diagram, when it depicts
SWR+

γ and SWR−γ as functions of γ.

Having established the (substantial) welfare ratio, a few remarks on the
properties are in order. Many standard utility functions imply a value function
that is concave and monotonically increasing in the state variables. If addition-
ally, value functions are the same over the entire population, the welfare ratio
cp. prefers policies that lead to more equality in the sense of most inequality
measures. In particular, the welfare ratio is consistent with several inequality
measure properties. Below, we assume that there is a representative concave
and monotonically increasing value function V s.t. V = Vi f.a. i. The welfare
ratio then meets the subsequent requirements.

Lemma 1 (Monotonicity)3:
Let X and X ′ be two state matrices , with Xi,· ≤ X ′i,· f.a. i ∈ I and
∃i ∈ I : Xi,· < X ′i,·. Then

WR(X,X ′) =∞

holds.

Lemma 2 (Weak principle of transfers):
Let Xi,k − δ > Xj,k + δ > δ > 0 for some i, j, k,
with V (Xi,. − ei,k · δ) > V (Xj,. + ej,k · δ) then

WR(X,X − ei,k · δ + ej,k · δ) ≥ 1

where el,k denotes a zero-matrix, where only the element in the l’th row and k’th
column equals one.

Lemma 3 (Consistency with first and second-order dominance)4:
Let X and X ′ be one dimensional and X ′ dominates X either first or second
order. Then

WR(X,X ′) ≥ 1.

Lemma 4 (Principle of population)5:
Let X and X ′ be two state matrices. Define Xn := X

⊗
1n and X

′n accordingly.
Then

WR(X,X ′) = WR(Xn, X
′n)

for all n ∈ N.

3 This property even holds for welfare functions which are not the same for all individuals.
4 This is also a direct consequence of the properties derived by Shorrocks (1983).
5 In this definition,

⊗
denotes the Kronecker product.
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For general value functions, the welfare ratio depends on the scale of X.
Nevertheless, if we want to drop this property, a welfare function defined as the
sum of identical homogeneous value functions implies scale independence.

In conclusion, the substantial welfare ratio is an SW-based tool for analysing
(potential) changes in the state variable, e.g. due to a tax reform or a policy
decision. It allows for a comparison of different groups (e.g. countries or occupa-
tion), and the γ-diagram implements an inherent robustness check. In the next
section, we give a sample application.

We close this section with a lemma that states the asymptotic distribution
of the welfare ratio and can be used to calculate standard errors, if the welfare
ratio of a subsample is interpreted as an estimator for the welfare ratio of the
overall population.

Lemma 5 (Asymptotic distribution of the welfare ratio):
Let (XN , X

′
N ), N ∈ N be a sample of i.i.d. 2K-dimensional random vectors

drawn from (X,X ′), representing the state variables of an infinite population.
Let V be the value function for all individuals, such that the second moment of
(V (X))+, (V (X))−, (V (X ′))+, (V (X ′))− exists.6 Then

WR(XN , X
′
N )

asymp.∼ GRD,

where GRD denotes a Gaussian Ratio distribution.7

3 Sample Application

In this section, we use the welfare ratio to analyse two hypothetical tax-reforms
in four European countries. We derive a welfare function, based on a simplified
life-cycle model. We then use that welfare function in individual wealth and
income to analyse a reform that represents an intensification of a progressive
taxation and a second reform introducing a wealth tax, for which the revenues
are equally redistributed. The data is from the Eurosystem Household Finance
and Consumption Survey.8 We take the variable “employee income” as X·,1 =:
Y and “net wealth” as X·,2 =: W . Finally, we use the difference between “at
what age to retire” and “age” as the number of years that the individual will
remain employed.

3.1 Simplified Life-Cycle Model

Consider individuals i ∈ I = {1, ..., N}, choosing the stream of consumption
Cti over a life-cycle from time t = 0 to t = T , in order to maximize the sum

6 Note that the existence of the second moment of the state variable itself is not implied.
For example, a Pareto distribution with a parameter smaller than 1.5, and a logarithmic value
function, are both possible.

7 Different representations for that distribution function can be found in Marsaglia (1965).
8 More information on the data can be found in ECB (2013).
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of intratemporal utilities Ui(·) discounted by the time preference parameter β.
Given an exogenous, constant risk-free rate rf and an income growth rate g,
individuals endowed with initial wealth W 0

i and initial income level Y 0
i solve

the optimal control problem

max
Ct

i

T∑
t=0

βtUi(C
t
i ). (5)

Each individual chooses consumption Cit and wealth (i.e. risk-free asset holdings)
W t+1
i based on the state Xt

i := (Y ti ,W
t
i ), subject to the budget constraint

Cti = W t
i + Y ti −

W t+1
i

1 + rf

and the evolution of income

Y ti = Y 0
i (1 + g)t,

which abstracts from income risks. Following Huggett (1996), we allow indi-
viduals to borrow up to a to be specified credit limit W̄ t

i ≤ W t
i and demand

WT+1
i ≥ 0. Thus, we explicitly model the indebtedness present in the data, while

maintaining feasibility. The simplifying assumptions of our model are chosen in
order to present a minimal working example for the calculation of the SWR.
In particular, we consciously refrain from including changing investing oppor-
tunities, labour income risks or retirement decisions. However, the concept of
the SWR can straightforwardly be applied to models with uncertainty and such
additional non-income-related state variables as health, leisure or happiness.

The recursive presentation

Vi(X
t
i ) = max

Ct
i

{
Ui(C

t
i ) + βVi(X

t+1
i )

}
,

enables us to solve the model for any specifications of utility functions Ui(·)
by iterating backwards to t = 0, in accordance with Samuelson (1969). The
resulting value functions Vi(X

0
i ) serve as the starting point for calculating the

substantial welfare ratio. Note that for any reasonable choices of Ui, the value
function has positive first derivatives and negative second derivatives with re-
spect to wealth and income. Given that we are not interested in the evolution of
the value function over time, we drop the time indices t, define Vi(Xi) := Vi(X

0
i )

and compute the value functions for all i ∈ I, such that we obtain

SW(X) :=
∑
i∈I

Vi(Xi).

For the application, we assume a homogeneous population of log-utility indi-
viduals with various individual years of working time left. We set β = 0.95, the
interest rate rf to 0.02 and set the credit limit to W̄ t

i = −100 000 Euro for each
individual i.
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Panel A: Welfare Ratios
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Fig. 1 Intensification of Tax Progression. This figure shows the impact of an intensification
of tax progression for different countries. Panel A gives the absolute welfare ratios and Panel
B shows the normalized γ diagram.

3.2 Intensification of Tax Progression

The following stylized reform demonstrates the implications of a revenue-neutral
intensification of the tax progression. We use gross income and net wealth as the
baseline.9 The tax-change can be described as follows. The lowest 30%−quantile
receives an income increase of 10%, the next 20% an increase of 5%, from the
median to the 70% quantile, the income is reduced by 1% and the 30% largest
incomes are reduced by p%, where p is chosen such that the reform is revenue
neutral.

In Figure 1 Panel A, the welfare ratio of the described reform is shown.
Such a change is considered attractive for all countries. This result is intuitively
correct, since the reform implies an increase in income equality.

The corresponding γ−diagrams in Figure 1 Panel B shed light on the source
of the attractiveness. The upper line shows that the value-loss of payers is equally
distributed over the top payers. The SWR−-lines show, for all countries, an
equally distributed value gain of the reform-winners at the left tail.

3.3 Wealth Taxation

The second hypothetical tax reform represents a wealth tax. Each individual
pays 0.01% of his/her wealth and the charged amount is evenly redistributed
over all individuals.

In Figure 2 Panel A, the welfare ratio of the wealth-redistribution is shown.
The attractiveness of this reform varies strongly between countries, but is at-
tractive for each. In particular for Spain the reform implies a large welfare ratio.
This is due to the fact that in the given data set Spain has the most wealthy

9 A more realistic approach would consider the tax structure in the different countries. We
ignore that for the sake of simplicity.
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Panel A: Welfare Ratios
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Fig. 2 Wealth Taxation. This figure shows the impact of a wealth taxation for different
countries. Panel A gives the absolute welfare ratios and Panel B shows the normalized γ
diagram.

individuals and wealth is most unequally distributed. I.e. the reform leads to
higher value gains for more individuals, whereas value loss for the net-payers
stays low due to the concavity of the value function. The result is intuitively
correct, since the reform implies an increase in wealth equality. Note that the
reform is neutral concerning tax revenue.

The corresponding γ−diagrams for the 5%-interval in Figure 2 Panel B de-
scribe the distribution of value gains and losses. The SWR−-line is very stable
and decreases only slightly for all countries, indicating equal gains on the left
tail of the value distribution. In contrast, we see a strong increase in SWR+

which implies that the value loss occurs at the right tail. The effect is most
evident for Spain. Here the advantage of the SWR-diagram becomes evident,
as it identifies the extreme structure of the right tail of the wealth distribution
in Spain in the given data set. I.e. the absolute values and the inequality at the
right tail is by far higher in comparison to the other three countries.

3.4 Comparison of Two Reform Outcomes

In Section 2 we present two reforms with equivalent final states and show that
even though the resulting social welfare is equal across both reforms, the way of
reallocation matters for evaluation. In contrast, in a case where the two reforms
are exclusive alternatives, we are more interested in comparing the final states of
the reforms than the process of change. In this case, the resulting WRs of both
reforms cannot be used for comparison, since the WR as a relative measure is
not transitive. Instead a direct comparison by means of a single WR of both final
states allows to assess the differences in SW implied by both reform outcomes.

For the sample tax reforms, the WR labels both as advantageous and a
policy maker who only cares about social welfare maximisation should carry out
both of them. In order to answer the question: “How advantageous is reform
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Fig. 3 Comparison of Reform Outcomes. This figure shows the absolute welfare ratios for
comparing reform outcomes 3.2. and 3.3. for different countries.

outcome 3.2 compared to reform outcome 3.3?” we calculate the WR of the two
final states. Figure 3 depicts the corresponding welfare ratios.

For all countries the intensification of tax progression, affecting the whole
lifetime, is more attractive than an one-time wealth taxation. This example par-
ticularly shows, that, given mutually exclusive alternatives, the absolute changes
in the state variables are of interest. Nonetheless, the welfare ratio allows to ex-
press the resulting attractiveness in the intuitive language of a relative measure.

4 Conclusion

This paper introduces new tools, namely the welfare ratio, the substantial wel-
fare ratio and the γ-diagram, in order to analyse the attractiveness of a policy
decision in terms of a change in social welfare. The proposed tools are theo-
retically sound, incorporate a robustness check and fulfil a variety of desirable
properties, known from the literature on inequality and performance measure-
ment. An application to income and wealth data for four European countries
shows the heterogeneous attractiveness of different tax-reforms and ease of ap-
plication.

A topic of further research might be the investigation of the welfare ratio
for alternative forms of the welfare function, and the empirical application to
specific real-world policy decisions.
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Appendix

In the appendix, we provide proofs for the properties stated in Section 2. In the
following analysis, we assume that V is a concave and monotonically increasing
value function V s.t V = Vi f.a. i ∈ I. We deal with the properties in the order
of their occurrence in the text.

Lemma 1 (Monotonicity):
Let X and X ′ be two state matrices , with Xi,· ≤ X ′i,· f.a. i ∈ I and
∃i ∈ I : Xi,· < X ′i,·. Then

WR(X,X ′) =∞

holds.

Proof. ∃i ∈ I : Xi,· < X ′i,· implies
∑
i∈I(∆Vi)

+ > 0 and Xi,· ≥ X ′i,· implies∑
i∈I(∆Vi)

− = 0. Hence, WR(X,X ′) = ∞ per definition (analytic continua-
tion). ut

Lemma 2 (Weak principle of transfers):
Let Xi,k − δ > Xj,k + δ > δ > 0 for some i, j, k,
with V (Xi,. − ei,k · δ) > V (Xj,. + ej,k · δ) then

WR(X,X − ei,k · δ + ej,k · δ) ≥ 1

where el,k denotes a zero-matrix, where only the element in the l’th row and k’th
column equals one.

Proof. Direct implication of the fact that V is concave and non-decreasing:

WR(X,X − ei,k · δ + ej,k · δ) =

∑
l∈I(∆Vl)

+∑
l∈I(∆Vl)

−

nondec.
=

∆Vj
∆Vi

concave
≥ 1

ut
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Lemma 3 (Consistency with first and second-order dominance):
Let X and X ′ be one dimensional and X ′ dominates X either first or second
order. Then

WR(X,X ′) ≥ 1.

Proof. We provide the proof for a continuous population, analogue to Hadar
and Russell (1969). The discrete case follows analogous (using the mean value
theorem) and is given in the paper of Hadar and Russell (1969) as well. Since
first-order dominance implies second-order dominance, we assume w.l.o.g. sec-
ond order dominance, i.e.
b∫
x

FX(x)dx ≥
b∫
x

FX′(x)dx for all b ∈ R, where FX and FX′ denotes the cumula-

tive distribution of X and X ′ respectively and further x, x ∈ R be a strict left
respective right limit of X and X ′. Applying integration by part twice (marked
with p.i.) and using V ′(x) ≥ 0 and V ′′(x) ≤ 0 leads to:∫

V (x)fX(x)dx−
∫
V (x)fX′(x)dx

=

∫
V (x)(fX(x)− fX′(x))dx

p.i.
= [V (x)(FX(x)− FX′(x))]xx︸ ︷︷ ︸

=0

−
x∫
x

V ′(y)(FX(y)− FX′(y))dy

p.i.
= − [V ′(x)︸ ︷︷ ︸

≥0

x∫
x

(FX(y)− FX′(y))dy

︸ ︷︷ ︸
≥0

]xx

+

x∫
x

V ′′(x)︸ ︷︷ ︸
≤0

x∫
x

(FX(y)− FX′(y))dy

︸ ︷︷ ︸
≥0

dx ≤ 0

Hence, the SW(X ′) is larger than SW(X) and WR(X,X ′) ≥ 1 ut

Lemma 4 (Principle of population):
Let X and X ′ be two state matrices. Define Xn := X

⊗
1n and X

′n accordingly
. Then

WR(X,X ′) = WR(Xn, X
′n)

for all n ∈ N.
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Proof.

WR(X,X ′) =

∑
i∈I(∆Vi)

+∑
i∈I(∆Vi)

−

=
n
∑
i∈I(∆Vi)

+

n
∑
i∈I(∆Vi)

−

=

∑
i∈I∗(∆Vi)

+∑
i∈I∗(∆Vi)

−

= WR(Xn, X
′n),

where I∗ denotes the unification of the indices of the n× |I| individuals. ut

Lemma 5 (Asymptotic distribution of the welfare ratio):
Let (XN , X

′
N ), N ∈ N be a sample of i.i.d. 2K-dimensional random vectors

drawn from (X,X ′), representing the state variables of an infinite population.
Let V be the value function for all individuals, such that the second moment of
(V (X)− V (X ′))+ and (V (X)− V (X ′))− exists.10 Then

WR(XN , X
′
N )

asymp.∼ GRD,

where GRD denotes a Gaussian Ratio distribution.11

Proof. The multivariate central limit theorem states∑
i∈IN (∆Vi)

+

N

dist.→ N (E((∆V1)+), ΣZ),

where ΣZ is the covariance matrix of Z := (V (X)−V (X ′))+. Analogous results
hold for the corresponding negative parts (·)−. Hence,∑

i∈IN (∆Vi)
+∑

i∈IN (∆Vi)−

=

∑
i∈IN

(∆Vi)
+

N∑
i∈IN

(∆Vi)−

N

dist.→ GRD.

ut

10 Note that the existence of the second moment of the state variable itself is not implied.
For example, both a Pareto distribution with a parameter smaller than 1.5 and a logarithmic
value function are possible.
11 Different representations for this distribution function can be found in Marsaglia (1965).
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